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Preface 


The contributions in this volume summarize parts of a seminar on conformal geometry 
which was held at the Max-Planck-Institut fur Mathematik in Bonn during the academic 
year 1985/86. The intention of this seminar was to study conformal structures on mani- 
folds from various viewpoints. The motivation to publish seminar notes grew out of the 
fact that in spite of the basic importance of this field to many topics of current interest 
(low-dimensional topology, analysis on manifolds ...) there seems to be no coherent 
introduction to conformal geometry in the literature. 


We have tried to make the material presented in this book self-contained, so it should be 
accessible to students with some background in differential geometry. Moreover, we hope 
that it will be useful as a reference and as a source of inspiration for further research. 


Ravi Kulkarni/U!rich Pinkal! 
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§0 Introduction 


(0.1) Historically, the stereographic projection and the Mercator projection must 
have appeared to mathematicians very startling. It was an indication that the 
conformal maps among the surfaces have far more flexibility than for example the 
isometries among surfaces, or line-preserving maps among planar domains. This 
was confirmed by Gauss in his A general solution to the problem of mapping parts — 
of a given surface onto another surface such that the wmage and the mapped parts 
are similar in the smallest parts. This is esentially the existence of “isothermal 
co-ordinates” in the C™ case. It is interesting to note that this study preceded and 
partially motivated Gauss’s later foundational work on the notion of curvature. For 
an account of this interesting history see Dombrowski [D], pp 127-130. 


(0.2) Another equally startling discovery is the connection of isothermal coor- 
dinates to an entirely different idea, namely that of a holomorphic function of a 
complex variable. For example, the Mercator projection is essentially the holomor- 
phic map z+ logz! The global aspect of this is the theory of Riemann surfaces. 


(0.3) Still another startling fact is that a compact Riemann surface is essentially 
the same as a complex projective algebraic curve. 


(0.4) These deep local and global connections set up one of the natural goals 
of conformal geometry: namely, to understand the differential-geometric under- 
pinnings of these classical theories—i.e., to separate the analytic aspects from the 
topological ones as clearly as possible, and relate them to the more primitive geo- 
metric notions of distance, angle, area, straight line ..., and equally importantly, to 
isolate the role of symmetry. The symmetry considerations here mainly concern the 
groups of Mobius transformations—in particular, the classica] theories of Fuchsian 
and Kleinian groups. Due to certain isomorphisms such as M,(1) & PSL2(R) = 
SOo(2, 1), Mo(2)  PSL2(C) » SO,(3,1)--- the conformal considerations have 
turned out to be basic for 3- and 4-dimensional topology, and in the physics of 
relativity. 


(0.5) In the first seven sections of this chapter we have striven to bring together 
the traditional differential-geometric, and the traditional Kleinian-group theoretic 
viewpoints. These two traditions have developed (until quite recently) quite inde- 
pendently. Their mutual interaction should prove to be fruitful, We have isolated 
the notion of a “Mobius structure” from the general conformal structure. A geome- 
ter would find it useful to keep in mind the following facts. 


i) A 2-dimensional conformal structure is always integrable, but is ambient to sev- 
eral Mobius structures. (Example: the stereographic projection is circle-preserving, 
i.e., a Mobius map, whereas the Mercator projection preserves angles but not cir- 
cles, i.e., is not a Mobius map.) 


it) In dimensions > 3, a conformal structure is not always integrable, but an inte- 
grable one is ambient to a unique Mobius structure. The latter is essentially the 
Liouville’s theorem. The proof of Liouville’s theorem given here is quite elemen- 
tary and works in the C? case. In general, the “Mobius” arguments, provided they 
work at all, are aften simpler and give better results. 


The last section indicates some recent developments in the joint work with U. 


Pinkall. 


The author is thankful to L. Mansfield for his considerable help in drawing and 
inserting the figures in this paper. 


1 The reduction from C* to C? was pointed out by Dombrowski. 


§1 Conformal Structures 


(1.1) Let V bea finite-dimensional real vector space. Two inner products 91, 92 
are said to be conformal to each other if g, = Ag2 for some positive real number A. 
A conformal equivalence class of inner products on V is called a conformal structure 
on V. If dimgV = 7 then the full group of linear automorphisms of V preserving 
a conformal structure on V is clearly © Ry. x O(n). 


(1.2) Let M” be asmooth ! manifold. A smooth conformal structure on M” is 
a smooth family of conformal structures on the tangent spaces T,(M”), as p varies 
on M”. Thus a conformal structure on M” amounts to a covering (Ue een by 
open subsets of M” and smooth Riemannian metrics gq on U, so that on the non- 
empty intersections U. Ug we have smooth positive functions 


te a 5 — ae 


with ga = faggs. A smooth Riemannian metric on M” of course defines its ambient 
smooth conformal structure, and evidently two Riemannian metrics have the same 
ambient conformal structure iff they are conformal to each other. 


(1.3) Proposition A smooth conformal structure on M” ? is ambient to a 
smooth Riemannian metric. 


Proof Let {Ug, ga} define the conformal structure as described above. Choose a 
smooth partition of unity {y,.} subordinate to U,. Then 


Y= We 


is a Riemannian metric, and the conformal structure is ambient to it. — q.e.d. 


(1.4) Remark A partial improvement of (1.3) is that a real-analytic conformal 
structure is ambient to a real-analytic Riemannian metric. The proof is based on 
quite different ideas. (Sketch of proof : Let Ua, ga, fag be as in (1.2) where now 
Ja and fag are real-analytic. Then log fag defines a Cech 1-cocycle with the values 


Throughout “smooth” means C'°. Sometimes we shall even omit this adjective. 
The instances where consideration of the degree of smoothness are important will 
be pointed out carefully later on. 


We always assume our manifolds to be Hausdorff and with a countable base for 
topology. 


in the sheaf of germs of real-analytic functions. By complexifying M, using Stein 
neighborhoods, and using Cartan’s theorem A and B one sees that this l-cocycle is 
a l-coboundary i.e. there exist real-analytic functions hy defined on U, such that 
log fag = ha — hg on non-empty intersections U.N Ug. Then 


ha , 


G ise. ge 


is a globally defined real-analytic metric.) 


(1.5) Let Af” be a manifold with a smooth conformal structure. A conformal 
frame at a point p € Mf is an orthogonal basis {e1,...,en} of Tp(M) such that e; 
have equal length w.r.t. one (and hence any) compatible Riemannian metric. A 
conformal structure is integrable if each point p € M has a co-ordinate neighborhood 


with co-ordinates {z,,...,2,} such that {2} is a locally defined conformal frame. 
If the structure is integrable we shall call such co-ordinates admissztble. It follows 
that if {z,,...,.2n}, {y1,.-., Yn} are two admissible co-ordinate systems defined on 


(e) 
In terms of an admissible co-ordinate system {x1,...,,} a compatible Riemannian 


metric has the form 
A(z) > az? 


where 4 is asmooth R, - valued function. So a manifold with integrable conformal 
structure may also be thought of as a locally conformally Euclidean manifold. For 
brevity we shall call such a manifold conformally flat. 


some common open subset U then au | defines a function: U —> Ry x O(n). 
ai 


(1.6) Proposition S" = {zr € E®*? | || x ||= 1} with its standard induced 
metric is conformally flat. 


Proof Let p € S" C E®*+? and = an n-plane C E®t? parallel to T,(S") but 
different from T,(S"). Given q € S® — {p} the line pg cuts 7 in exactly one point 
q. The assertion is that the stereographic projection 


o:S" —{p} —+7, o(q) =9 


is a conformal homeomorphism. 


Figure 1 


Take two oriented tangent vectors v, w at q. Then {p,v} , {p,w} determine 2- 
planes cutting 7 in oriented lines l,, /, respectively. It suffices to show that the 
angles Z(v,w) and Z(l,,/,,) are equal, and by continuity it suffices to show this for 
generic v and w. Now for generic v and w the tangent lines Rv, Rw cut T,(S") at 
points A and B say. The oriented lines pA, pB are parallel to l,, |, respectively, 
so Z(pA, pB) = L(l,,l,). Also | Ap |=| Aq | since these are lengths of the tangent 
segments from A to S". Similarly | Bp |=| Bq |. So the triangles ApB, AqB are 


congruent. Hence 
Lae) = Cees) = Lila l,). 


Finally it is clear that o can be expressed by rational functions in appropriate 
co-ordinates, so it is actually real-analytic. q.e.d. 


(1.7) Remark We indicate another proof of (1.6) which in fact shows that 
the stereographic projection carries round pspheres ! into round p-spheres where 
in E” considered as S™ — {oo}, a flat pplane is allowed to be considered as a 
round p-sphere passing through oo. This stronger result is “local” of which (1.6) 
is an “infinitesimal” case, cf. (2.4) below. Recall that an inversion in a round 
n-sphere S® in S"+? = E+! yj {oo} is the map P+ Q , cf. the figure, where 
| OP | - | OQ |= r? with the understanding that O + o and cob O It 
is well-known that an inversion carries a round p-sphere in S™*+?! into a round p- 
sphere. Now consider the stereographic projection from the “north pole” N onto 
the tangent plane at the “south pole” S. The figure 2 shows that it coincides with 
the restriction to S® of the inversion w.r.t. the sphere ~” with center N and radius 


[NS |. 


a 


Figure 2 


A round p-sphere in S" C E®*? is the transverse intersection of S" with a flat 
(p+ 1)-plane. 
It is an intriguing fact that although this definition uses Euclidean notions, the in- 
version in S® C $"+? is a Mobius notion. With more work it may be characterized 
in the Mébius category as follows: it is the unique non-identity Mobius transfor- 
mation of S®+? which commutes with all Mobius transformations leaving the given 
S” invariant. 


§2 Conformal Change of a Metric, Mobius structures 


(2.1) Lemma. Let (M,g) be a Riemannian manifold, y: M@ —+ R a smooth 
function, and g = e2¥g a conformal change of the metric. Let D, D denote the 
connections w.r.t. g and g respectively. Let G = gradp wrt. 9, and define S on 
all vectorfields X,Y by 


(2.1.1) DxY = DxY +SxY 
Then 
(ar?) SxY =X 0Y YOX— < Aye. 


Proof Since D, D are torsion-free we see that 
yy = oy 
and S is indeed a tensor i.e. it is C™-function-linear in both of its arguments. Next 


0= Dxg = Dx(e??g) = X(e”)g +e? Dxg 
= {2X ~-9+ Dxg + Sxg} 
=e? {2X p-9+ Sxg} 
So 
(Sxg)(Y, Z)2—- < SxY,Z >-—<Y,SxZ >= -2Xy <Y,Z> 


Cyclically permuting X, Y, Z in the above equation and subtracting one equation 
from the sum of the other two and noting Sx Y = Sy X we obtain 


<0xY,2 - = AGaY, 2 >4Ye<7,X > 272 ee 
=< XpY+YyoX-—-<X,Y>G,Z> 


This implies (2.1.2). q.e.d. 


(2.2) Let (M”,g) be a Riemannian manifold and W™ a submanifold with the 
induced metric. Let D, 7 be the connections defined by g and g lw respectively. 
As is well-known, if X, Y are smooth vectorfields tangential to W then 


(22h) Dey = VxY+a(X,Y) 


where 7x Y coincides with the component of Dx Y tangential to W and (any ), 
by definition the normal component of Dx Y, is a symmetric bilinear form on the 
tangent bundle of }V with values in its normal bundle, and is called the second 


fundamental form of W. 


Let now g = e*”g be a conformal change of the metric as in (2.1) and define S and 


a, Chaz wi), by 


(BND) ee ee 


Vx¥ =VxY +o(X,Y) 


where D and v are the connections of g and g |w respectively. Along W decompose 
G=grady (computed w.r.t. g) as 


(2.2.3) CCPC: 


where Go resp. G, is the tangential resp. normal component. It follows by (2.1) 
that 


(2.2.4) Bee V0) < XY SG, 


for all vectorfields tangent to W. Let @ denote the second fundamental form of W 
wrt. g. Combining (2.2.1), (2.2.2) and (2.2.4) we get 


&(X,Y) = DxY —V7xY 
(2.2.5) = DxY ~-VxY4+S(X,Y)-o({X,Y) 
=e )— =< X,Y > Gy 


If v is any normal vectorfield then if follows from (2.2.5) that the real-valued bilinear 
forms < @,v >, < a,v > differ by a scalar so the multiplicities of their eigenvalues 
are the same, and hence they are conformal invariants of W as asubmanifold of M. 
In particular total umbilicity of a hypersurface (1.e. m = n-— 1 and all eigenvalues 
of < &,v > are equal) is a conformally invariant notion. 


10 


(2.3) It is well-known that for n > 3 the totally umbilic hypersurfaces in the 
Euclidean n-space E® are precisely the open subsets of the hyperplanes and the 
round (n — 1)-spheres. A somewhat better expression of this fact is the state- 
ment : the totally umbilic hypersurfaces in the unit sphere S” are precisely the 
open subsets of the round (n —1)-spheres, cf. (1.7). (This may be proved by the 
Riemann-geometric formulas, or else it also follows from the statement for E”, the 
stereographic projection, and the comments in (2.2)). 


(2.3) This fact is at the basis of the rigidity in a conformally flat structure in 
dimension > 3. For it follows by using the locally defined conformal maps into 
E™ (or S") and (2.2) that on a conformally flat manifold M", n > 3, there is a 
distinguished family of submanifolds, namely the notion of “an open subset of a 
round (n—1)-sphere” (and hence by taking intersections also the notion of “an open 
subset of a round p-sphere”, 1 < p< n-—1) has a meaning on M”. In particular 
a conformal map among conformally flat n-manifolds, n > 3 preserves these pieces 
of round p-spheres. 


(2.4) Proposition Let M” be a conformally flat manifold, n > 3. The group of 
conformal diffeomorphisms of M” precisely consists of those carrying round (n—1)- 
spheres into themselves. 


Proof Let Co denote the group of conformal diffeomorphisms and C' the group 
of those diffeomorphisms preserving the round p-spheres. As observed above, Co 
is contained in C. Let now f € C. Our problem is to show that at a point p in 
M the differential f,, is a homothety. Since the question is local we may assume 
that f fixes p and moreover a neighborhood of p is identified conformally with a 
neighborhood of the origin in E”, so that p is identified with the origin. By using 
the polar decomposition of f,, and composing by an element of O(n) we may take 
fup to be a diagonal matrix 

Ay 0 

0 An 
in terms of the standard co-ordinate system. Now since f preserves (n—1) - spheres, 
fxp acting on T, clearly has the same property. So 


A SN eR 
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1.e. fp is a homothety. qg.e.d 


(2.5) Let Af(n) denote the full group of diffeomorphisms of S$", n > 2, which 
carry round (n—1)-spheres into themselves. By (2.4) for n > 3 this group coincides 
with C(S™) the group of conformal diffeomorphisms. A basic fact in the theory 
of Riemann surfaces is that the same is true also for n = 2 — but structurally 
for quite different reasons from those in (2.4)! We shall see this in more detail 
later. We call Af(n) the Afobtus group in dimension n, and its elements the Mébius 
transformations. 


(2.6) Let Af” be a conformally flat manifold. Each admissible co-ordinate system 
on Af” gives a locally defined conformal map into E” which we regard as S" — {a 
point} via the stereographic projection. A Mobius structure on M” is a maximal 
atlas of admissible co-ordinate charts such that the transition functions are restric- 
tions of Mobius transformations. For brevity, we call a manifold with a Mobius 
structure a \fobius manzfold and a local diffeomorphism preserving Mobius struc- 
tures a Afobrus map. It will be seen in §3 that for n > 3 a Mobius structure is 
the same as a conformally flat structure. For n = 2, an orientable conformally flat 
manifold is the same as a Riemann surface. On the other hand a Mobius surface is 
a finer notion than that of a Riemann surface. The study of Mobius structures on 
a given Riemann surface contains as a proper subset that of its “uniformizations” 
a la Fuchsian and Kleinian groups. The study of Mobius structures on the unit 
disk in E? contains as a proper subset the theory of univalent functions. Thus the 
notion of a Mobius structure provides the geometric underpinnings of these grand 
classical theories, and provides a direction in which these theories admit a fruitful 
higher-dimensional generalization. In the context of Riemann surfaces, a Mobius 
structure is more commonly known as a CP?-structure, cf. [Gul]. 


(2.7) <A class of Mobius manifolds arises as follows. Let 2 be an open subset 
of S" and T a subgroup of M(n) which leaves 2 invariant and acts freely and 
properly discontinuously there. Then [\Q has a canonical Mobius structure. We 
shall call such manifolds Kleinian. The classical theory of Kleinian groups deals 
with subgroups T of M(2) which act properly discontinuously on some open non- 
empty subset of S*. Starting with such [ one constructs in fact the largest open 
subset 2 of S® on which I acts properly discontinuously. 
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§3 Liouville’s Theorem 


(3.1) Theorem (Liouville) Let U, V be open connected subsets OLS”, tien 
and f:U —> V be a conformal map. Then f is a restriction of a Mobius transfor- 


mation f. Moreover f is uniquely determined by f. 


Proof The group M(n) contains O(n +1) as well as the homotheties of E™ lifted 
to S" by a stereographic projection. It easily follows that M(n) acts transitively 
on round n-balls and a closed round n-ball is conformal to the closed upper hemi- 
sphere. 


Let B be around n-ball contained in U. Then f(B) is a round ball in V by (2.4). 
Composing by an element of M(n) we may assume that f maps B into itself and 
B is the upper hemi-sphere. Let r:S" —> S” be the reflection in the equator OB. 
Then for x ¢ B, the formula 


629 f(x) =rf(rz) 


defines a conformal extension of f to S™. Moreover an extension of f to a small 
neighborhood of B is unique since any point in such a neighborhood is a point of 
intersection of circular arcs with a tail lying in int B and f carries circular arcs 
to themselves. An easy connectedness argument now shows that f has a unique 
conformal extension to S™. So f is this extension and f coincides with f on the 
domain of definition of f. —_q.e.d. 


(3.2) Remarks 1) There is a good deal of interest in determining the optimal 
smoothness requirements on the map for the validity of Liouville’s theorem. For the 
moment the reader may take the above argument for C®-maps. Notice that since 
f coincides with f in a neighborhood of B, f would be C® along with f. A careful 
examination of the proof will show that the above proof is valid for C?-maps.} 
Usually in the proofs available in the literature one assumes f to be C*. The 


The usual use of the Codazzi equation for establishing that the totally umbilic 
hypersurfaces in E”, n > 3 are pieces of flat planes or round spheres needs the C3- 
hypothesis. However considering such hypersurface locally as a graph of a function 
it is easy to see that the proof is actually valid with the C?-hypothesis. 


3 


notion of a conformal map makes sense for C'-maps as well. But no simple proof 
of Liouville’s theorm assuming f to be only C! is known. In the context of the 
theory of quasi-conformal homeomorphisms it is natural to define “conformal” to 
mean “l-quasiconformal”. The validity of Liouville’s theorem for 1-quasiconformal 
maps is due to Gehring, cf. [G]. 


2) The above proof for the case of C?-maps also works in the pseudo-Riemannian 
analogues of Liouville’s theorem. 


3) Notice again the difference between the cases n = 2 and n > 3. In the above 
proof the hypothesis n > 3 enters through the use of (2.4). Otherwise even for 
n = 2 the proof shows that a map defined on an open connected subset of S? 
preserving circular arcs is a restriction of a Mobius transformation. On the other 
hand there is a rich family of conformal maps (which coincides with holomorphic 
or antiholomorphic maps with non-vanishing Jacobian) defined on open subsets of 
S? (considered as the Riemann sphere). What is equally remarkable is that still 
the globally defined conformal maps of S? preserve round circles. 


4) The content of Lzouville’s theorem is that a conformally flat manifold of dimen- 
sion n > 3 admits a canonical Mobius structure, cf.(1.8). So the notions of a 
“conformally flat manifold” and a “Mobius manifold”, are equivalent for n > 3. 


§4. The Groups M(n) and M(E”) 


(4.1) The Euclidean space E” has a cannonical Mobius structure. Let M(E™) 
denote the full group of Mobius diffeomorphisms of E”. Fix the origin 6. Clearly 
M(E®) contains 


(4.1.1) O(n) = the isometries fixing 0 
(4.1.2) R, = the homeotheties #+ AZ,A E Ry, # € R® 
(4.1.3) R” = the translations. 


The group of translations is normalized by O(n) and Ry and the actions of O(n) 
and Ry by conjugation are equivalent to their standard linear actions. Moreover 
these actions commute. So the group genereated by O(n), Ry4, and R” is isomorphic 
to the semidirect product 
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(4.1.4) (O(n) - Ry) > R*. 
Notice that this contains the full group of Euclidean isometries 
(4.1.5) E(n) O(n) > R®. 


(4.2) Theorem For n > 2 M(E™) = (O(n): Ry) > R*. 


Proof Let Mo denote the right hand side, and write M for M(E™). As remarked 
above My C M. Considering S" = E” U {oo}, via the stereographic projection the 
group M may be identified with the subgroup of M(n) fixing oo. Also a round 
(n-1) -sphere through oo corresponds to an (n-1) plane in E”. It now follows from 
(2.4) that the elements of M carry (n-1)—planes into themselves, so by the socalled 
fundamental theorm of projective geometry valid for n > 2 it follows that M is 
contained in the group Af f(n) of affine transformation of E”. 


Since 

(4.2.1) Af f(n) = GL(n) > R® 

(4.2.2) M(E")NGL(n) = O(n) - Ry 

We see that M = Mo. q.ed. 


(4.3) Remark For n > 3, by Liouville’s theorem M(E®) coincides with the 
full group of conformal diffeomorphisms. This fact is also valid for n = 2 and is 
essentially equivalent to the fact that M(2) coincides with C(S?). 


(4.4) The theorem shows that M(E™) is a Lie group and consists of real- 
analytic transformations. Since M(E™) is the isotropy subgroup of M(n) at the 
point {oo} it follows that M(n) is also a Lie group and consists of real-analytic 
transformations. This implies that the transition functions of a Mobius structure 
and the maps preserving a Mobius structure are also real-analytic. Note also that 


(4.4.1) dim M(E”) = $(n)(n— 1) +1+n = d(n? 4+n4 2). 
(4.4.2) dim M(n) = dim M(E") +n = £(n+ 1)(n + 2). 


Each of M(E™) and M(n) have two components. The identity component is orientation-. 
preserving and the other orientation-reversing. 


(4.5) The linear model for M(n). Consider R"+? with the quadratic form 
of signature (1, n+1). 


(4.5.1) Q(x) = 22 — 2? —...—2? 


Let 


(4.5.2) O(Q) = O (n, 1) = the group of linear isometries of (R"+?, Q). 
Mien din O(Q) = tint?) and has 4 components. Also O(Q) preserves the 
quadric 

(4.5.3) X(Q) = {z E R"+? | Q(z) = 0}, 


which is a right-spherical cone in R"*+? with vertex at the origin. The subgroups 
of O(Q) which preserves the half-space zp > 0 contains 2 out of 4 components. For 
the want of a better notation we denote this subgroup by 


(4.5.4) 01(Q) = {g € O(Q)|g preserves rz, > 0} 


Now O, (Q) also acts on the space of rays in X(Q) through the origin lying in the 
half space x9 > 1. This space of half-rays in turn may be identified with 


(4.5.5) {x €E R"+? | Q(z) = 0,29 = 1} =S". 


The round (n-1)-spheres in S” are precisely the transverse intersections of the (n+2) 
- planes in R”+? through the origin. It follows that O1(Q) acting on S™ as above 
carries round (n-1) -spheres into themselves. So by (2.4) 


(4.5.6) M(n) © O, (Q). 
This identifies M(n) as a Lie group. 
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§5. The Connection with Hyperbolic Geometry 


(5.1) Let 
(5.1.1) D® = {x € E™||z| < 1}. 
(5.1.2) HM? = (¢ =(e ene eae 


We equip D", H™ with the Mdbius structures induced from E”. Let M(D*), 
M(H®) denote the full groups of Mobius-structure-preserving diffeomorphisms of 
D” and H” respectively. 


(5.2) Proposition D® and H™ are equivalent as Mobius manifolds. M(H®) is 
transitive on H®. 


Proof Via a streographic projection we may regard D® as the “southern” hemi- 
sphere in S™. By an appropriate rotation it is equivalent to the “eastern” hemi- 
sphere. Now astreographic projection from the “north pole” would map the eastern 
hemisphere onto a half-space in E”. 


N 


Figure 3 


Since all half-spaces in E®™ are mutually isometric we see that D™ and H® are 
equivalent as Mobius manifolds. (This correspondence between D®™ and H™® is 


7, 


classically known as a a Cayley transform.) 

Next the maps 

(5.2.1) f+ 2+4, a = (a)...an-1,0) 
(5.2.2) fire ASD 


clearly belongs to M(H™) and it is easy to see that the soup generated by these 
maps is transitive on H®™. g.e.d, 


(5:3) A remarkable property of D™, not shared by S™ or E® is that 


Proposition D® admits a M(D") - invariant Riemannian metric. This metric 
is complete and has constant negative curvature. 


Proof It is convenient to consider D™ as the hemi-sphere in S® C E™+! ; 
(5.3.1) De] {Vent | cia i2..4 > 0}. 
The stereographic projection from P = (0,0...0, 1) 

Pp D 


Figure 4 


onto B® ={z ¢€ E™*+? | 244, = 0.} maps 0D" onto the unit sphere S"~? in E®. 
Now let H denote the isotropy subgroup of M(n) at P. Then H may be identified 
with M(E™). So the isotropy subgroup K of M(D™) at P equals HN M(D”). So K 
may be identified with the subgroup of M(E™) which leaves S?~? invariant. From 
the description of M(E™) in (4.2) it follows easily that Kx O(n). In particular 
K is compact. So taking a K-invariant metric on the tangent space T,(D™) and 
translating by M(D”), we obtain an M(D®) - invariant Riemannian metric on D™. 
Since O(n) is transitive on 2-dimensional subspaces of T,(D™) it follows that the 
metric has a constant Riemannian curvature, and as is true for any homogenous 
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Riemannian metric, this metric is complete. By a basic theorem in differential 
geometry, D™ w.r.t. this metric after scaling if necessary is isometric to either 
S™, or E®, or the hyperbolic space i.e. a complete simply connected Riemannin 
manifold with constant curvature -1. But D" cannot be S" oriE™, for these do not 
admit metrics invariant under their full groups of Mébius diffeomorphisms since the 
image of their isotropy representations is clearly not contained in the orthogonal 
group. So D®™ or equivalently H™ must be isometric to the hyperbolic space (up to 
a scaling factor). . g.e.d. 


(5.4) We shall now identify M(D™) as a Lie Group, for n > 2. We may identify 
D" with a round ball B in S$". So by Liouville’s theorem for n > 3 and by the 
comments thereafter for n = 2 we have 


(5. 4. 1) M(D") = {g € M(n)|g(B) = B}. 

Now it is convenient to use the linear model, cf. (4. 5). In that model we may take 
(e402 eee ROG i= Wey — lone Uy 

SDs 

(5. 4. 3) M(D™) = {g € O1/2(Q)|g preserves tn41 > O} 


Obviously the right hand side of (5. 4. 3) may be identified with Oi/2(Qo) where 
Qo is of the form 22 — x? —... — x2 on R"t! which in turn is considered as a 


subspace of R"*+? with 2,41; = 0. Thus, 


Proposition M(D”) * two out of four components of O(1, n)  M(n—1) where 
for n = 2 ¢ M(1) is interpreted simply as the two appropriate components of O(1, 


(5.5) We now view the above situation from a different angle. Consider S” 
as OD"+?. Then (5. 4) means that the Mobius group, M(n), uniquely extends 
to D"*?, and on D™*? acts as a full group of isometries of D™+! with respect to 
the hyperbolic metric. This sets up a fundamental relationship between conformal 
geometry and hyperbolic geometry. On the one hand, a hyperbolic manifold, i.e., a 
(not necessarily complete) Riemannian manifold of constant negative curvature has 
a canonical Mobius structure. On the other hand, a Mébius manifold is an “ideal 


boundary” of some hyperbolic manifold. Anticipating later developments we make 
this last statement more precise in two ways. 


_ oe out that M(2) coincides with the full group of conformal diffeomorphisms 
of S4; 
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(5.6) Proposition: Let Af” = T\Q be a Kleinian manifold such that I is 
torsionfree. Then, there exists a manifold N"+! with boundary = M™” such that 
int N"*! admits a complete hyperbolic metric. 


Proof: By hypothesis we have Jf” = [\Q where 2 is an open non-empty subset 
of S", and [ < Af(n), such that TI leaves Q invariant and acts freely and properly 
discontinuously there. Consider 


(5.6.1) N =QUD"™?. 


As explained in (5. 4) the action of lr on Q extends cannonically on N, and in fact 
I acts as a group of isometries on D™*?. Since [ acts properly discontinuously on 
Q it is discrete (in the compact-open topology) as a group of homeomorphisms of 
D"™*1. Now a discrete group of isometries acts properly discontinuously. Since I is 
torsionfree, its action on D™*? js both free and properly discontinuous — so [\D"*? 
is a complete hyperbolic manifold. A subtle point which will not be justified here 
is that the action of [ on N is also properly discontinuous. So N®+! = T\N is a 
manifold with boundary and obviously it has the required properties. q.e.d. 


(5.7) We now give a second construction of a manifold N”*+! with “ideal bound- 
ary”, a given Mobius manifold M” so that int N is a hyperbolic manifold. Its 
idea goes back to Nielsen and it may be called “aconver hull construction”. Let 
De M” — M” be the universal covering projection of a Mobius manifold M” - so 
M” =~ A\M” where A & 7(M) is the deck-transformation group. We assume 
that A is torsionfree. Pull back the Mobius structure from M” to M”. Let us 
also assume that M” is non-compact. It will be clear after the discussion of the 
“development map” in §7 that M” has the property that two round n-balls in M” 
are either disjoint or else they intersect in a “spherical lens”, cf. the figure below. 
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Figure 5 


Now represent M”™ as the union Uj-1 Bf where B; runs over all the round balls in 
M”. With each B; we can associate a half round (n + 1)-ball H?*' containing B; 
so that the hemi-spherical boundary of H?*’ cuts B; orthogonally, cf. (5.7.2) 


Figure 6 


Let U;.7 iabha2 be a disjoint union. We construct an (n + 1)-dimensional manifold 


(5.7.3) Neel See 


an 


where ~ is an equivalence relation defined as follows. If B; N B; is empty then no 
point of me is identified with a point in ae Suppose B; N B; is non-empty. 
Then there is a Mobius embedding 


(5.7.4) 6: B; UB; — 8". 


Considering S", as 0D™*? let HPT’, a. be the half round (n+1)-balls contained 


in D"+! such that aie US" = B; and the hemispherical boundary of H; cuts 
S” orthogonally. Obviously 6 extends to a surjective map 


(5.7.5) 6; : A; U H; —+ H; U H;. 


We identify a point in H; with a point in H; if they have the same 6-image. It will 
follow from the theory of development that this identification is independent of the 
choice of 6. Then ~ is simply the equivalence elation generated by this process. 
It is not difficult to see that N+! is a manifold with boundary ~ M”. Moreover 
after identifying @N"+! with M”, the action of A extends to N+! and is free and 
poperly discontinuous. Then N”t+! = AVNET is a manifold with boundary M”. 
This N+! is called the Nielsen convez hull of M”. 


§6 Constructions of Mobius Manifolds 


(6.1) A 2-dimensional smooth Riemannian manifold M? is conformally flat. This 
is the content of the famous“existence of isothermal co-ordinates.” A priori it is 
not clear that M? admits a compatible Mobius structure. However by the uni- 
formization theorem M? admits a complete metric of constant curvature conformal 
to the given one. This equips M? with one choice of in fact a canonical Mobius 
structure. On the other hand, except for M? = S?, in all other cases M? admits 
an exceedingly rich family of other Mobius structures. For example, for M? =F? 
or D?, considered as Riemann surfaces, any meromorphic function with nowhere 
vanishing jacobian equips M? with a Mobius structure. 


In all dimensions we now look for constructions of Kleinian manifolds. 


(6.2) Q = S™: Since 2 is compact a group [ acting properly discontinuously must 
be finite. From (4.5) we see that O(n+1) is a maximal compact subgroup of M(n). 
By a standard result in Lie theory T is conjugate to a subgroup of O(n+1). So 
T\Q’s obtained this way are precisely the conformal types of sperical space forms. 
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(6.3) Q = S” - {a point} which is Mobius equivalent to E*. From the description of 
M(E®) we see that an element in M(E™) — E(n) is of infinite order and has a fixed 
point, so it cannot be contained in any T° acting freely and properly discontinuously 
on E®. In other words if f < M(E™) which acts freely and properly discontinuously 
on E® then in fact f < E(n). So I'\E® are precisely the conformal types of 
Euclidean space-forms. 


(6.4) Q = S™ — {2 points}: Alternately we may consider 2 as E® — {0}. Clearly 
M(Q) has a subgroup G of index 2 which fixes 0 and oo, G ® Ry x O(n), and G 
acts transitively on Q with isotropy subgroup at a point ~ O(n — 1). Since this is 
compact we see that Q admits an M(Q) - invariant Riemannian metric. In fact in 
terms of polar co-ordinates we may take this metric to be 


(6.4.1) ar” + do2_,, 


where do2_, is the standard metric on S"-? making Q isometric to R x S"7?. It 
now follows that a discrete subgroup of M(Q) acts properly discontinuously on 2. 
It is easy to see that a discrete subgroup of G is either finite or contains a subgroup 
® ~ Z of finite index generated by an element of the form \-A,A > land AeO(n) 
where A = € or is of infinite order. Then ®\QQ is diffeomorphic to S®~1 x S$! . Both 
A and the rotation angles of A are invariants of the Mobius structure on ®\Q. A 
compact quotient of Q by [T < M(Q) acting freely and properly discontinuously is 
called a Hopf manifold. As noted above, a Hopf manifold is finitely covered by a 
manifold diffeomorphic to S"®=? x §?, 


A 2-dimensional Hopf manifold is diffeomorphic to a torus or a Klein bottle. Its 
Mobius structure is different from the canonical one corresponding to the Euclidean 
metric compatible with its conformal structure. 


(6.5) Q = S"~SP,1< p< n—1: Here SP denotes a round p-sphere in S". Taking 
a stereographic projection from a point in SP we see that 2 is Mébius equivalent 
to E” — E?, where E? is a linear p-dimensional subspace. 
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p+l 


Figure 7 


Then the subgroup 

(6.5.1) {g € M(E®)| 9(EP) = EP} 

contains translations parallel to EP, rotations based at a point in EP and leaving 
EP invariant, and the homotheties based at a point in EP. This subgroup is already 
transitive on 2. To determine M(Q) precisely, it is convenient to go to the linear 
model,cf. (4.5). Let V be a (p+2) - dimensional subspace of R"+? such that Q |, 
has type (1, p+1). Then V intersects S” in a round p-sphere. So 

(6.5.2) M(Q) = {g € M(n)|9(V) = V}. 

If W is Q-orthogonal to V in R"*+? then R"+? = V@W and Q | has type (0, n-p). 
Clearly 

(6.5.3) M(Q) = 03(p+ 1,1) x O(n — p). 


The isotropy subgroup of M(Q) at a point is seen to be & O(p+ 1) x O(n— p- 1). 
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Since this group is compact 2 admits an M({) - invariant Riemannian metric. In 
fact if we take the standard cartesian co-ordinates (@1...2p,Y1---Yq)s PTY = 
in E” so that E? = {(x1...2p,0...0)} then on E” — EP we have ye t---+y2 #0. 
Choosing the polar co-ordinates w.r.t. {41 ..- Yq} we can write 


7 
Sodyi? = dr? a do. 


¢=1 


where do?_, is the metric on S4~?. 

So 

(6.5.4). A{Sode;? + Yo dy;?} = {Dd dai? + dr?} + daa 

We leave it to the reader to verify that this metric is invariant under M(Q) making 
Q isometric to HPt? x S9-} p+qe=n. 


It follows in particular that a discrete subgroup of M(Q) acts properly discontinu- 
ously on 2. Let us now consider a discrete subgroup [ which is also torsion-free. 
Identifying M() with O1(1,p +1) x O(n — p) we write an element of M(Q) as a 
pair 


(6.5.5) g=(h,k), hE O.(,p+1), k € O(n—p). 


Since 'M {e x O(n— p)} is compact and discrete and I’ is assumed to be torsion-free 
we see that 


(6.5.6) I'n {e x O(n — p)} = {e}. 


So [ 5 g = (h,k) +> A is an isomorphism, and clearly the image T, of If in 
Oi(1,pt+ 1) is also discrete. In other words, [; * m(a hyperbolic manifold of 
dimension p+1). We can now write 


(6.5.7) P= {(h,o(h))A ET, p:T, + O(n—p)} 
where p is some representation. The map 
(6.5.8) T\Q = 1T,\HPt! 


equips '\Q with a structure of a locally flat fiber bundle with fiber S®-P-1 and 
structure group I’; acting on S?~P~? via p. Conversely given TI, < Oi(p+1,1) 
acting freely and properly discontinuously on HPt+!, and a fepreseuiation Plage 
O(n — p) we can construct T as in (6.4.7) and thus a Mobius manifold T'\Q. 
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This construction gives a large class of Mobius manifolds with varied possibilities 
for topological types. Moreover the possibilities of variations of p indicate the 
possibilities for deformations of a Mobius structure. 


A comment on the hypothesis that [ was assumed to be torsion-free in the above 
construction: From (6.4.3) we see that Af(Q) admits a faithful linear representation. 
So iff is finitely generated then by a well-known property of linear groups, I’ admits 
a torsion-free subgroup of finite index. So any ['\Q with I finitely generated, 
(in particular if [\Q is compact), admits a finite covering which is a locally flat, 
orthogonal S"-P~1—bundle over a hyperbolic manifold of dimension p+1. 


Finally notice the following special cases. If p = n-1 then S° = {2 points} and 
S" — S"~1 has two components each Mobius equivalent to H™. If p = n-2 then Q is 


not simply connected. Its universal cover is Mobius equivalent to the Riemannian 
product H®-! x R. 


(6.6) The connection with Kleinian groups: Let [ be a discrete sub- 
group of Af(n). When n = 2, such I is classically called a Kleinian group, and 
when n = 1. a Fuchsiangroup. We may regard [ as acting on H®+? or D™+}, 
cf. §5, as a group of hyperbolic isometries. For p € D”t! let A denote the set of 
accumulation points in D”*+! US", since I is a discrete group of isometries on D”+1 
one readily sees that A C S®. A basic observation which we do not prove here is 
that I acts properly discontinuously on Q = S™ — A, and in fact on D"+! UQ. If 
Q is not empty, and if T acts freely on Q then [\{QQ is a (not necessarily connected) 
Kleinian manifold. 


The case n=2, and 2 connected occurs in the extensive studies by Koebe, recently 
explained and extended in a beautiful series of papers by Maskit [M],, based on his 
purely topological understanding of planar coverings, [M]3. 


In the case n = 2, I finitely generated, and 2 non-empty but not necessarily 
connected Ahlfors [A] proved a fundamental theorem: I'\Q has only finitely many 
components, each component is biholomorphic to a compact Riemann surface with 
at most finitely many punctures. If Q # S?, S? — {a point}, or S? — {2 points} then 
each component of '\Q is obviously of hyperbolic type. cf. also Bers [B], Greenberg 
(Gr]. Classically T is said to be non — elementary if [\Q is of hyperbolic type, i.e. 
when #A > 3. An end of the 3-manifold ['\\D® with finite hyperbolic volume is 
called a cusp. (This notion can be given a meaning whether or not I is torsion-free.) 
Bers [B] improved Ahlfors’ theorem by giving an estimate for the hyperbolic area of 
[\Q, (I non-elementary, finitely generated) in terms of the number of generators of 
Tr. Whether 2 is non-empty or not Sullivan [S] proved that [\D? has only finitely 
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many cusps. He also gave an estimate for their number in terms of the number of 
generators of T (Sullivan’s proof and estimates are valid only for I, torsion free. 
For I not necessarily torsion-free these results are extended by Kra [K]3). The 
underlying topological statements in these results of Ahlfors, Bers, and sullivan for 
T torsion-free were explained purely in terms of 3-dimensional topology by Kulkarni 
and Shalen [KS] with further improvements by McCullough [M] and McCullough - 
Feighn [FM] . 


In a by-now well-known, but far from well-digested work Thurston has shown that 
“most” compact 3-manifolds can be represented as \D3; if the manifold is closed, 
or has only torus boundary components, this structure, if it exists, is unique by 
Mostow [Mo]. These various interconnections is a rich source of food for thought 
for the geometers. 


(6.7) Schottky manifolds: This is a nice class of Kleinian manifolds which 
classically (for n=2) motivated the general Kleinian constructions explained in (6.5). 
Let {C;,C’;} i= 1,2,...g be a family of (n-1) - spheres in S” which bound n-disks 
{D;, D’;} say, so that all D;’s and D’;’s are mutually disjoint. Suppose there exist 
vi € M(n) such that y;(D;) = S" — D’;. It is easy to see that each +; has two fixed 
points, one in D; and the other in D’;. (If C;,C’; are round (n-1) - spheres such 
7; surely exist.) If g=1 then A = { the fixed points of y,}, and < 7, > \{S"™ — A} 
is a Hopf manifold, cf. (6.3). Consider the case g = 2. 


au 
1 
Cc Cc 1 


y, 


Figure 8 


The images of S® — D; under 71,77,... would look like 


va! 


Figure 9 


From these pictures for g =2 it is fairly clear that S" — Uf_, {D,;,U D’;} is a funda- 
mental domain for T = (71,72,.-.,7%g) and A is totally disconnected and perfect. 
So A is homeomorphic to a Cantor set.| Also [ is isomorphic to a free group of 
rank g. Let Q = S®—A. Since S" —U?_, {D; U D’;} is a fundamental domain for 
one sees that T\Q is homeomorphic to a connected sum of g copies of S"=? x S?, 
It is called a Schottky manifold. 


One of Schottky’s interests in the construction is the theorem: every compact 
Riemann surface of genus g > 1 can be obtained as a Schottky manifold. 


(6.8) Connected sums The possibilities of inversions in conformal or Mobius 
geometry give rise to some very interesting phenomena. Here is one such simple 
situation. Let M?P i=1,2, be two conformally flat (or Mobius) manifolds, and D? C 


This is one of the very early examples of infinite processes in mathematics leading 
to a Cantor set. With a historical hindsight it seems amazing that Schottky ran 
into a Cantor set around the same time Cantor was struggling with his set-theoretic 
foundations of mathematics ! 
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MP i=1,2, be two round n-diska. ( If M? is only known tobe conformally flat we 
choose the round disks insome admissible co-ordinate charts.) Let Me = P= 
(int D?), so OM” is a round S®~?. 


Figure 10 


Since one can invert in round (n -1)-spheres, it is clear that one can glue My;, Moo 
along their boundaries so that the resulting manifold (which is differentiably an 
oriented or unoriented connected sum) also admits a conformally flat (or Mobius) 
structure. Various choices of D; and various glueing possiblities may result in 
the same ambient differentiable manifold, but in general will result in mutually 
inequivalent Mobius structures. In the context of compact Riemann surfaces this 
construction gives a rough but correct count of Riemann’s moduli. 


It can be shown that if both M?, M? are Kleinian then their oriented or unoriented 
connected sum admits a Kleinian structure, cf. [KP]. 


In the context of Kleinian groups, this construction is closely associated with Klein’s 
“combination theorems” further embellished by Maskit [M]o. 


(6.9) Connected sums along hypersurfaces: cf.[Ku],. Let M?, i = 1,2 be 
manifolds with boundaries wre! respectively. Suppose there exists a homeomor- 
phism h : W, —+ Wo. Then the manifold obtained by glueing MP? to M? via h is 


called a aconnected sumalongh (or by abuse, along Wi, W2 ) and is denoted by 
MP #nM3 
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Now let Mjf't = 1,2 be Mobius manifolds with boundaries Wess resp. Suppose 
W; are connected and their tubular neighborhoods are Mébius— —diffeomorphic. Let 
h: W, — We be a restriction of such a diffeomorphism. Let Mp be the universal 
covers of M; and W; some boundary components of M; lying over W;. Suppose now 
that W; (hence also We ) is Mobius-diffeomorphic to an open subset of a round 
S=- 1? \(Aeewally W;’s need not be universal covers. It would suffice if they are 
Gauss but such that A lifts to a map equivariant w.r.t. the deck transformation 


groups.) 


So the inversion in the round S"~? may be used to turn a tubular neighborhood of 
W, — and hence also that of Ws. — “inside out”. This intuitive description should 
suffice to see that M[P#;,M} its a Mobius Pr iature. 


Here are some special cases of interest. 


(6.9.1) Doubling a hyperbolic manifold: Let M" = I'\D" be a complete 
hyperbolic manifold. Regard D” as around disk in S” , and A as in (6.6) so that I 
acts freely and properly discontinuosly on S"—A. The manifold M? = p\{S" — A} 


is essentially a connected sum of M” with itself along its “ideal boundary”. (It may 
be disconnected if A = $"~?.) 


(6.9.2) Cuspidal connected sum: Let MP? = p,\D”, 7 = 1,2 be non-compact 
hyperbolic manifolds of finite volume. Suppose it is possible to cut off an appro- 
priate neighborhood of a cusp of M; and obtain Mf; with boundary such that 
the boundary component is a Bieberbach manifold. Suppose that the boundary- 
component of 477, is a Mobius—diffeomorphic to that of M?,, by a diffeomorphism 
h. Then Moi#nzMo2 admits a Mobius structure. We call it (by abuse) as a 
cuspidal connected sum of M; and Mo. 


(6.9.3) Let M?,2= 1,2 bea compact Riemannian manifold of constant curvature 
-1,( resp 1) and with non-empty totally geodesic boundary wet . Suppose there 
exists an isometry h : we — | ee ‘Then M?#,M? admits a Riemannian 
metric of constant curvature -1,(resp.1). 


This follows since in the hyperbolic space or in S™ there exist inversions in totally 
geodesic hyper-surfaces which are isometries ! 


(6.9.4) A variation of (6.9.3); deformations of hyperbolic manifolds as 
Mobius manifolds: Let M?, i = 1,2 be a hyperbolic manifold as in (6.9.3). 


Let Wr” be a hypersurface parallel to WP 1 _ i.e. aset of points at a constant 


diene €>o (sufficiently small) from W??. It_is a simple fact of hyperbolic 


a 
geometry that W2~' is totally umbilic and so if MP denotes the universal cover 
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considered as embedded in D™ C S™ then each component of the inverse image of 
Wr-' in M; is contained in a round (n-1) ~ sphere. Let Mg,” ‘ be obtained ote 
M? by cutting off a tubular neighborhood of W; so that hie boundary of M?. i 
W,;. Alternately we could also insert a tubular neighborhood of W; so that ae 
new boundary component is parallel to the old one. Now a tubular neighborhood 
of W,; is not isometric but is still Mébius-diffeomorphic to a tubular neighborhood 
of W;. So carrying out the operation in (6.9.3) on Mf, would result in a Mobius 
manifold which is not isometric but is diffeomorphic to a hyperbolic manifold. 


(6.9.4.1) We can look at this construction from a slightly different stand-point. 
Let M” be a compact hyperbolic manifold (without boundary) containing a totally 
geodesic hypersurface W"—!. Let M2 be obtained by cutting M” along W - so 
that M” has two boundary components Wf and W7 which are mutually isometric. 
Now either inserting or deleting suitable tubular neighborhoods of W/’ so that the 
new boundary components are parallel to the old ones, and then glueing them back 
we obtain deformations of M” in the Mobius category. 


From a group-theoretic viewpoint this provides certain co-compact subgroups of 
SO(n,1) which are rigid in SO(n,1) (for n > 3) but which deform non-trivially 
in SO(n+1,1). Existence of infinitesimal deformations for certain subgroups of 
SO(n,1) in SO(n+1,1) is due to J. Lafontaine [L]. Also see Millson [Mi]. 


In the classical case of n=2 also these deformations are interesting. They provide 
examples of the so-called quasi-fuchsian groups. 


(6.10) Finally we mention that recently Gromov and Lawson [GL] have found 
some surprising examples of Mobius structures on some non-product circle-bundles 
over compact orientable surfaces of genus > 2. 
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§7 Development and Holonomy 


(7.1.) Let o denote the canonical Mobius structure on S®. A smooth immersion 
f : M” — S® clearly induces a Mobius structure on Af” which we denote by ais: 
A remarkable consequence of Liouville’s theorem is the following partial converse 
of this statement. 


(7.2) Theorem Let (\f",o) be a simply connected Mobius manifold. Then 
there exists a smooth immmersion 6 : Af” — S®™ such that 6*o, =o. Moreover if 


6,62 are two such smooth immersions then there exists a unique g € M(n) such 
that 6, =go 62. 


Proof Fix a base-point + in M and let ¢ be the space of paths starting at + i.e. 
continuous maps f : [0,1] — Af with f(o) = *. We euip g with the compact-open 
topology. Fix an admissible co-ordinate neighborhood U, of + and y, :U, > S® a 
Mobius embedding. 


Let U and V be two admissible neighborhoods in M so that UNV is nonempty 
and connected. Let yr : U — S™, yy : V — S®™ be the corresponding Mobius 
embeddings. Then by Liouville’s theorem yy 0 yy’ ones is the restriction of a 
unique element in M(n). 


Let f : [0, 1] ~ M bea path. Partition [0,1] into 
OS iy Se Se Ul eo Sey ee Me 


so that f ({t;-1,t,]) lies in an admissible neighborhood U;, i = 1,...n with U; = Ux. 
By shrinking U; if necessary we may assume that U;_; MU; 1s connected,. Fix the 
Mobius embeddings y; : U; — S™ with y; = y,, and let g; € M(n) be the elements 
such that 

Ny ew. Yi-1 0 OP le Satn ea ran Ae 


Then “we develop f into S"” as follows: 


First, 10 f maps a neighborhood of [ to, ty] into S" and by definition of ga, we see 
that y, 0 f and g20y20f coincide in a neighborhoodof t;. Similarly gz 0930 p30 f 
coincides with gz oy. of in the neighborhood of tg... and so on. In this way we 
obtain a path 

(7.2.1) A; : [0,1] — S*, 

beginning at y.(o0). Define 

(7.2.2) A:pg—S", 
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by setting A(f) = A;(1). From the uniqueness part in Liouville’s theorem it follows 
that A; and A are independent of the choices of the partition and the co-ordinate 
neighborhoods. Moreover if g is sufficiently near f (in the compact-open topology) 
and g(1) = f(1) then A(f) = A(g). But we assumed that M is simply connected, 
so for any path g beginning at * and with f(1) = g(1) we have A(f) = A(qg). In 
other words, A actually defines 


(722.8) 6:M"™ +S". 


It is plain that 6 is a smooth immersion and 6*0, = o. We also see that 6 is 
uniquely determined by the initial choice of 9. 


Now let 6, 69 be two Mébius maps M" — S®. Shrinking U, if necessary we 
may assume that 6;|y, and 62{y, are Mobius embeddings. So again by Liouville’s 
theorem there exists a unique g € M(n) such that 6;|u, = g 0 d2|u,. Now both 
6, and g o dy may be regarded as the maps obtained by the above “development 
process” with the initial choice of ys» = 6:|y, . So by the remarks in the previous 
paragraph 6; = go do. q.e.d. 
(7.3) A Mobius manifold (M/",c) is said to be developable if there exists a 
Mobius map 6: M” — S®. In this language the above theorem says that a simply 
connected Mobius manifold is developable. A Mobius map 6 : M” — S™ is called 
a development of M” in S®. The argument in the above theorem shows that a 


development is essentially unique —— i.e. any two developments differ by a uniquely 
determined element of M(n). 


(7.4) Let (M”,o) be a developable Mobius manifold and 6: M” — S® a devel- 
opment. Let A(M) denote a full group of Mobius automorphisms of M. For any u € 
A(M), clearly 60 wu is also a development and so there exists a unique p(u) € M(n) 
such that 


(7.4.1) plujot =dou, 


Proposition The map p : u +> p(u) defines a 6-equivariant homomorphism 


Proof The 6-equivariance is just the statement (7.4.1). Let u,, uo, € A(M). Then 
by definition of p 


p(uy ou2)06 = Sou; ou 
(7.4.2) ; = p(uy) odo U2 
= pur) o p(u2) 06. 


5) 


This shows that p is a homomorphism. q.e.d. 


(7.5) Let (M",o) be a developable manifold. Let 6,62 be two development 
maps. So as seen above 6, = god» for a uniquely determined g € M(n). Let pi, po 
be the 6;—, resp. 62— equivariant homomorphisms A(M) + M(n) defined by (7.4). 
Then for any u € A({M) 


pi(u) od; = pi(u)ogobg=S,0u=gob,ou 


or 
(g- opi(u)og) ob, =b:0u= p2(u) o by 
Since in (7.4.1) p(u) is determined uniquely by u and 6 it follows that 
(7.5.1) — pa(u) =g7* opi(u)og 
In other words, 


Proposition Let (4f",o) be a developable Mobius manifold. Then there is a 
canonical homomorphism p : A{M) — M(n) which is determined uniquely upto a 
conjugacy by an element in M(n). 


(7.6) Let (Af",o) be a (not necessarily developable) Mobius manifold. Let 
p: M — M be the universal cover of M and o = p*o the induced Mobius struc- 
ture on M. Let 6 : M — S® be a developable map. By abuse of language one 
sometimes calls 6 as the the development map of (M”,a). Let a © 7,(M) be the 
deck-transformation group acting on M. Then clearly  C A(M). Let p: A(M) 
—+ M(n) be the homomorphism defined above. Then pl, is called the holonomy 
(or the holonomy homomorphism ) of (M”,c). 


The geometric—algebraic invariants 6 and p which are essentially unique in the 
sense described in (7.2), (7.5) are the basic invariants of a Mobius structure. They 
indicate for example the possibilities of deformations of a Mobius structure on the 
same ambient manifold. 


(7.7) A criterion for developability 


Propostion Let (M",c) be a Mobius manifold with p, 7, 6 and p as in (7.6). 
Then 


i) M” is developable iff p |, is trivial. 


wt) More generally, let x = ker p |, and M, = the covering of M corresponding 
to x. Then M, is the smallest developable covering of M—in the sense that any 
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other developable covering M, — M factors through M,. 


Proof Suppose M” is developable and 6 : M”™ — S® its development. Then 60 p 
is a development map of M and so may be taken as 6. So 6 maps every 7-orbit 
in M to a single point. Hence by (7.4.1), p(7) = {e}. The converse follows by 
reversing these steps. This implies 7), and 2) follows easily from 1). q.e.d 


(7.8) The above proposition explains the distinction between a general Mobius 
structure, and a Kleinian structure. In the notation of (7.7) let 6, : M, ~ S™ bea 
development map. It is clear that (M",o)is Kleinian if f 6,1sanembedding. A 
notable necessary condition for this is p(7) acts freely and properly discontinuously 
on im 6, and 6 isa covering map, not just a local homeomorphism] If this condition 
is satisfied then M is a covering of a Kleinian manifold p(1)\im 6. 


Of course the condition can fail in many ways giving rise to several constructions of 
non~-kleinian Mobius structures, and it is also of interset to find sufficient conditions 
ensuring Kleinian (or “close to Kleinian”) nature of a Mobius structure. 


Gunning [Gu] found a nice criterian for the classical case: __ if (M?,o) is a compact 
Mobius manifold #% (S?, o.) then 6 is a covering map iffim 6 # S?, cf. also Kra [K]1, 
([K]2 for another perspective. In [KP] and in the forthcoming work these results are 
reproved and extended in many ways. 


| A local homeomorphism is a covering iff it has a path-lifting property. 
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88 Ideal Boundary, Classification of Mdbius Structures 


(8.1) There are various notions of “ideal boundary” in the classical theory of 
Riemann surfaces, cf. [C]. However the notion introducted below is new even in this 
classical context. We attach an ideal boundary to a developable Mobius manifold. 
The motivation is that the development map should extend continuously to the 
ideal boundary. 


(8.2) Let (Af",o) be a developable Mobius manifold and 6: M”" — S™ a develop- 
ment. Let g, be a Riemannian metric on S” with the standard ambient conformal 
structure. Let g = 6g, be the induced Riemannian metric on M” and M the 
Cauchy completion of M w.r.t. the metric (i.e., the distance function) defined by 
g. 


Proposition Jf (as a topological space) does not depend on the choices of go 
and 6. 


Proof: Let g/. and 6’ be other choices and g’ = 6'*g!. Since S" is compact there 
exists a constant c s.t. 


1 i 
ao 9 Sco. 
(G 


So g, g’ define the same Cauchy sequences. q.e.d. 


(8.3) The above proposition implies that M depends only on o. We call M the 
Mobius completion of M The set 


(8.3.1) aM=M-—M 
is called the ideal boundary of (M, o). 


(8.4) Proposition Let (M, a) be developable Mobius manifold and 6: M — 
S"™ a development. Then 6 extends to: M — S”. 


Proof Let g. be a standard Riemannian metric on S” and g = 6*go. Let po € 
GoM and {p,},n = 1,2... a Cauchy sequence in M so that limp pn = po. There 
exist rectifiable arcs in M joining pp, to pp41 and of length arbitrarily close to the 
distance between pp and pr4,. So it is easy to see that there exists a rectifiable arc 
f : (0,1) — M so that lim,_ f(t) = po, and the length of f (as a parametrized arc) 
is finite. This length equals the length of 60 f. Since S” is compact any sequence 
6of(tn), tn | 1 has accumulation points. But since the length of 60 f is finite we see 
that there is only one such accumulation point. In other words lim;_,; 60 f(t) exists. 
This clearly gives a required extension 6: M — S® of 6. Gem. 
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(8.5) Proposition Let (M,,01), (M2, 02) be two developable Mobius manifolds 
and f : M, — Mp a Mobius map. Then f extends to f: M, — M2. Moreover if 
f(OoM1) © Oo M2 then f is a covering and in fact f(OQ0M1) = 0oM2. 


Proof Lt 6): Mz — S® be a development. Then 6; = 620 f isa development of 
My. Let g. be a standard Riemannian metric on 8”, and 9; = ig, EZ ites 
f*g2 = 9; and so f is a local isometry. Now the argument as in (8.4) shows that f 
extends to f : My — Mo. This proves 1). 


Now suppose that f(Oo My) C OMp. Let uz : [0,1] — M2 be a rectifiable path, and 
u; : (0,1) > M, is a partial lifting — so f ou, = u2 on (0,1). The lengths of u; are 
equal and finite. So lim,_,; u;(t) exists in M,. If this limit does not exist in M, 
then we clearly get a contradiction to the hypothesis that f(0.M1) C 0.M2. So f 
has a path-lifting property. Hence f is a covering map. 


Next let po € OpMz. Let uz : (0,1) — M2 be arectifiable path so that lim,_,; ue(t) = 
po. Let u, : (0,1) > M, be a lift of uo. Since uy, uy have the same finite length 
limy_.1 ui(t) exists in Mj. If this limit is p, then clearly f (pr) = po. Also p; must lie 
in 05 Mj, for otherwise p; lies in M, and so po would lie in Mz. So f (do M1) = 0.Mo. 
q.e.d. 


(8.6) Proposition Let (M,o) be a developable Mobius manifold. 
i) If 0.M = ¢ then(M, oc) & (S", 00). 
ii) If O.M = {a point } then(M, oc) © (B®, a5 |g). 

(we consider E” = S” — {oo}.) 


Proof Let 6:M — S™ be a development. If 0,M = ¢ then clearly M is compact, 
and 6 is a covering map. Hence (M,o) = (S",0,). 


Now suppose 0.M = {*}, and 6: M U {x} — S™ the extension of 6. We may take 
6(*) = 00. Let Mj = M —- 5~*({oo}). It is clear that M, = M, 6(M,) = E” , and 
6 maps 0,M, into 0,.E”. So by (8.5), 6|44, is a covering map. Since E” is simply 
conected, 6|y4, 1s a Mobius homeomorphism. Hence 0,M, = {a point} , so we 
must have 09M, = {*}, M; = M, and so (M,c) (E”,oolmn). g.e.d 


(8.7) The above proposition leads to the fruitful classification of Mobius struc- 
tures. Let (M,c) be a Mobius manifold and (M,é) its universal cover. We say 
(M,c) is elliptic if(M,&) ~ (S",0,), and parabolic if (M, a) = (E”,o,|z»). Other- 
wise we call (M,o) hyperbolic. We saw in (6.2), (6.3) that elliptic (resp. parabolic) 
Mobius manifolds are precisely the conformal classes of the spherical (resp. Eu- 
clidean) space-forms in the sense of Riemannian geometry, and hyperbolic Moébius 
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manifolds of dimension > 2 properly contain the conformal classes of hyperbolic 
Riemannian space-forms. In this sense this trichotomy of Mébius manifolds gen- 
eralizes the wellknown trichotomy among the Riemannian manifolds of constant 
positive, zero, and negative curvature. Also any Mobius structure on an elliptic 
(resp. hyperbolic) Riemann surface is elliptic (resp. hyperbolic). On the other 
hand the canonical Mobius structure on S* — {2 points} is hyperbolic, although 
as a Riemann surface it is usually considered as parabolic. A Kleinian group is 
non-elementary,(cf. (6.5) for this notion), iff each component of the corresponding 
Mobius manifold is hyperbolic. 


(8.8) A useful property of hyperbolic Mobius manifolds is contained in the fol- 
lowing 


Proposition Let (’f",o) be a developable hyperbolic Mobius manifold. Given 
p € M there exists a maximal round n-ball containing p. 


Proof Let 6:17" — S" be a development. Let {B;} i = 1,2... be a maximal 
increasing family of round n-balls containing p. Let B = US, Bj. It is clear that 
6|g, is injective for each 7, and hence 6|, is also injective. An union of an increasing 
family of round n-balls in S™ is either again a round n-ball or  E”. Soif Bisa 
round n-ball it is clearly a maximal! round n-ball containing p. Otherwise B = E”. 
we show that this cannot happen. Since M is hyperbolic 0.M contains at least two 
distinct points say {a,b}. Also 0,B = {a point} and 0.B C M. Say 0.B = {c}. 
Any properly embedded arc in M starting from p must tend towards c. But surely 
there exist such arcs tending towards either a or b. Since c cannot be both a and 
b we have the desired contrdiction. q.e.d. 


(8.9) Let (M,o) be a developable Mobius manifold. A round n-ball in M 
admits a hyperbolic Riemannian mertic. The well-known procedure of Kobayashi in 
the case of complex manifolds in our context leads to a canonical pseudo-metric on 
(M,c). Now (8.8) with further work leads to a conclusion that a hyperbolic Mobius 
manifold actually admits a canonical Riemannian metric with quite remarkable 
properties, e.g. it shows that a hyperbolic Mobius manifold of dimension n admits 
a canonical stratificaation by hyperbolic Riemannian manifolds of dimensions < n. 
Among other things this metric appears to be useful in explaining the geometric 
underpinnings of the classical theory of Kleinian groups and exending it in all 
dimensions, cf. [KP]. 
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§0 Introduction 


(0.1) From a geometric viewpoint, if two elements in a group G are conjugate then 
in any G-action these two elements act “similarly,” if we consider the conjugating 
transformation in a passive way i.e., a “renaming” of the points in the space. Hence 
the importance of the classification of the elements or subgroups of a group into 
conjugacy classes. 


(0.2) In this chapter we shall first classify the elements of M(n) up to conjugaacy. 
In this connection it is convenient to consider M(n) either as a group of conformal 
transformations of S", or as a group of isometries of the hyperbolic (n+1) - dimen- 
sional space in its disk model D™*?, or in the upper half space model H™ +? sora 
its linear model cf. chapter 1, §4. Also to get a better perspective we separately 
classify the conjugacy classes in the groups of spherical and Euclidean isometries 
and the group of Euclidean conformal (or similarity) transformations. 


(0.3) In §4 we prove a theorem of Greenberg to the effect that the maximal con- 
nected subgroups of M(n) are in some sense the obvious ones admitting a simple 
geometric description. This is followed in §5 by a proof of extensions of theorems 
of Nielsen and Van Vleck. The original theorem of Nielsen,cf. [5], says that a non- 
abelian subgroup of M(1) which consists only of hyperbolic elements besides the 
identity is necessarily discrete. Similarly the original theorem of Van Vleck, cf.[8], 
says that a subgroup of M(2), considered as PSL(2,C), which besides the identity 
consists of hyperbolic elements with real traces necessarily leaves a round circle in- 
variant, i.e. it must be conjugate to a subgroup of M(1), considered as PSL(2,R) < 
PSL(2,C). Greenberg’s and Chen-Greenberg’s proofs of various extensions of these 
theorems, cf. [1],[2], use the important geometric notion of a limit set of a subgroup 
and also some Lie theory. Perhaps one would have liked elementary geometric proofs 
of these theorems. In Nielsen’s and Van Vleck’s cases one can make some clever 
computations involving 2x2 matrices and elementary geometric arguments. How- 
ever, in general some use of the theories of Lie groups and algebraic groups seems 
unavoidable, and perhaps there is not much point in avoiding it. In our proofs we 
have freely appealed to some of the standard structure- and classification- parts of 
these theories. These proofs are susceptible to further generalizations. 


(0.4) In §6 we prove that unless a subgroup of M(n) has a fixed point in D®+? or 
S" it must contain a hyperbolic element. On the other hand if a subgroup of M(n) 
contains no hyperbolic element then it must have a fixed point in D™+! or S®. For 
n < 2 these statements occur implicitly in the classical literature and can be proved 
again by some clever computations in 2 x 2 matrices and appeals to geometry. The 
proofs of these results valid in all dimensions appear to be new. 
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(0.5) In §7 we prove a theorem on subgroups of M(n) consisting of elliptics only. 
It is curious that for n < 3 such a subgroup must be conjugate to a subgoup of 
O(n + 1), but for n > 4 this is no longer so. This result does not seem to have 
appeared in print. But the existence of subgroups consisting of elliptics without 
a fixed point in D” for n > 4 was pointed out to me by P. Waterman. These 
considerations come up naturally if one wishes to develop a theory of limit sets for 
not necessarily discrete groups. 


§1. The Conjugacy Classes in E(n) and Sim(n). 


(1.1) Let V = R” be the real vector space with the positive definite inner product, 
and O(V) = O(n) the corresponding group of orthogonal transformations. Let g be 
in O(V). As is well known, V = @V; where V; are 1 - or 2-dimensional g-invariant 
irreducible subspaces. If dim V; = 1 then g |v, acts as [1] or [-1]. We then assign to 
g \v, the rotation angle 0 or m respectively. If dim V; = 2 then g |y, is a rotation 
through an angle 0,0 < 6 < 27, 6 # 7. We then assign the rotationangle @ to 
g |v,- It is well-known that 


Proposition The rotation angles form a complete set of invariants of a conjugacy 


class in O(V). 
(1.2) Now consider the group E(n) of Euclidean motions of E”. For g in E(n) set 


@i.2:1) A(g) = conn Oe A. 
Then X(g) is called the translational length of g. If g is a translation, i.e. of the 
form ++ £+d then X(g) = |lal|. If g has a fixed point then g is called a rotation. 


If g is a rotation then A(g) = o. 

(1.3) Since E(n) » R”® «4 O(n) there is a homomorphism 

(dle 351) p: E(n) + O(n)(® E(n)/R"). 

(The last isomorphism depends on the choice of the origin. But one easily checks 
that p is independent of this choice.) The rotation angles of an element g in E(n) 


are by definition the rotation angles of p(g) in the sense of (1.2). Clearly if g is a 
translation then its rotation angles are all zero. 


(1.4) There is a third kind of Euclidean motion which for want of a better name we 
shall call a transrotation. Let V; be a k-dimensional subspace of E”,0 << k <n. 
Choosing the origin in V; we can express E” = V, @V2 as a sum of orthogonal linear 
subspaces. Consider a motion which leaves V; invariant and acts as a translation 
in V; and rotates around V,; having no set of oriented parallel lines orthogonal to 
V; invariant. In terms of appropriate coordinates in V; and V2 such a motion has 
the form 
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(1.4.1) [3] — [og] + 3], & #8, 


£2 
where Ay in O(V2) has no rotation angle equal to zero. Such a motion will be 
called a transrotation. For a transrotation in the form (1.4.1), the translational 
length is ||b;|| and the rotation angles are those of Az and the angle 0 which occurs 
k = dim V, times. 


If n = 2, k = 1 then a transrotation is also called a glide reflection. It is neces- 
sarily orientation-reversing. If n = 3 then a transrotation with k = 1 is called a 
screw — motion. 


(1.5) Theorem The translational length and rotation angles form a complete set 
of invariants of a conjugacy class in E(n). Moreover 


(1.5.1) A(g) = 0 iff g is a rotation. 

(1.5.2) All rotation angles are zero iff g is a translation. 

(1.5.3) A(g) # o and some rotation angle # o iff g is a transrotation. 
(1.5.4) Ag) = MIN g¢ pn ||9X — Fl 


In particular every Euclidean motion is either a translation, or a rotation, or a 
transrotation. 


Proof (a sketch) An Euclidean motion with respect to an orthonormal coordinate 
system can be expressed in the form: 


(1.5.5) g: ft AF+a4,AE O(n), aE R”. 


Then p(g) = A and the rotation angles of A are those of g. If all rotation angles of 
g are zero then A =I and g is a translation. If no rotation angle of g is zero then 
A does not have 1 as an eigenvalue. So the equation 


ANE tt rk 


has a solution. So g has a fixed point and hence g is a rotation. Now suppose 
exactly k rotation angles of A are zero and o<k <n. Let U; be the eigenspace of 
A with eigenvalue 1 , and U» its orthogonal complement. Write a point in E” in 
the form 2; + %2,2; € U;, i= 1, 2. So g has the form 


el (oallel+ he 
~ |r ~|+ti- 
x2 0 Ao H i) bo 
Now Ag has no eigenvalue equal to 1 so 


Agko + by = Lo 
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has a solution, say 73. Translate the coordinate system to x and still call the 


zo 
75 


new coordinates (£1, Z2). So g now has the form 


z P00) easy by 

_~|ro Me se || lle 

Hm) 0 Ag Cm) 0 

If b) = othen gis still a rotation; otherwise it is a transrotation. We have thus shown 
that every Euclidean motion is either a translation, a rotation, or a transrotation. 


In each case it is easy to see that A(g) is actually the min ||gz — Z|. So we get 
(1.5.4). The other assertions are fairly clear and are left to the reader. q.e.d. 


(1.6) We remark that the rotation-angles (counted mod 27) are continuous func- 
tions on E(n) , but the translational length is not! 


(1.7) From the view-point of its dynamics on E” a transrotation is closer to a 
translation than a rotation. So it is not unreasonable to group the translations 
and transrotations together and call them parabolics. The rotations will be called 
elliptics. 


(1.8) Relative sizes of elliptics and parabolics. E(n) has two components: 
E4(n) and E_(n) consisting of orientation-preserving (resp. orientation-reversing) 
Euclidean motions. 


Proposition If n is even then the elliptics form a dense set with non-empty interior 
in £y(n) , whereas the parabolics form a dense set with non-empty interior in 
E_(n). 2) Ifn is odd, then the parabolics form a dense set with non-empty interior 
in E,(n) , whereas the elliptics form a dense set with non-empty interior in E_(n). 


Proof Consider the homomorphism 
p: E(n) > O(n), 


cf. (1.3). Let O4(n) , resp. O_(n) be the components of O(n) consisting of the 
orientation-preserving, resp. orientation-reversing rotations. If n is even the subset 
S of O(n) consisting of rotations with no rotation-angle equal to zero is an open, 
dense subset of O(n). Clearly p~*(S) is an open, dense subset of elliptics in 
O(n). The proofs of the other assertions are similar. q.e.d. 
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(1.9) Now consider the group Sim(n) of conformal, (or similarity) transformations 
of E”, cf. chapter 1, (4.2). We have a canonical homomorphism 


tT: Sim(n) > O(n) x Ry 


which extends p in (1.3). If r(g) = (A , #) the rotation-angles of A are called 
the rotation — angles of g, and p is called the multiplier of g. We shall call g 
hyperbolic if its multiplier is different from 1. An elliptic or parabolic element in 
E(n) is again called elliptic or parabolic in Sim (n) as well. A hyperbolic element 
has a unique fixed point in E®. An element in Sim(n) is parabolic iff it has no fixed 
point in E”. 

Clearly the set of hyperbolic elements is open and dense in Sim(n). In the context 
of Sim(n) the translational length as defined in (1.2.1) has no meaning. We set 


(1.9.1) 1 if g is parabolic. 


Vo = * if g is elliptic or hyperbolic, . 
The proof of the following proposition may be left to the reader. 


Proposition The rotation angles, the multiplier, and the \-invariant as defined in 
(1.9.1) form a complete set of invariants of a conjugacy class in Sim(n). 


(1.10) A picture for E, (2): As a topological space the group E4(2) is homeomor- 
phic to S* x R? ie., an open solid torus. The subgroup 


(121051) 
t+ Az, A € SO(2),# € R? 


carries the fundamental group. A parabolic element in this case is a translation. 
Together with identity, the parabolic elements form a closed subgroup & R?. 
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The justification of the following picture may be left to the reader. 


P 


Figure 1. 
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§2. The Conjugacy Classes in M(n) 

(2.1) Proposition Consider M(n) as acting on D®*? US" = Det ne 1, Ver 
ge€M(n). Then 

i) g has at least one fixed point in 


ii) g has either a fixed point in D"*? or has at most two fixed points in S”. 


De 


Proof i) is immediate from the Brouwer’s fixed point theorem. Now suppose g has 
three distinct fixed points a, b, c in $”. 


Figure 2. 


Then g fixes the foot of the perpendicular from c to the unique geodesic joining a 
and b. So g has a fixed point in D™*?. This proves ii). q.e.d. 


(2.2) An element g in M(n) is called elliptic if it has a fixed point in D™+?. A 
non-elliptic g in M(n) is called parabolic if it has a single fixed point in S", and 
hyperbolic if it has two distinct fixed points in S”. In view of (2.1) every element 
of M(n) is either elliptic, or parabolic, or hyperbolic, and these cases are mutually 
exclusive. 
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(2.3) Let g be in M(n). First suppose g is elliptic and p€ D®*? its fixed point. 
Then the rotation angles of the differential dg on the tangent space ZR? *\ware 
called the rotation angles of g. (Alternately we may use the linear model for M(n), 
cf. chapter 1 §4, and conjugate g in O(n+1) < M(n) and read the rotation angles 
there. This shows that the rotation angles do not depend on the choice of p. One 
may derive these facts also from the hyperbolic geometry of D®+?.) Next suppose g 
is parabolic, and p its unique fixed point in $®. The induced action of dg on 75(3S") 
is orthogonal and has 1 as an eigenvalue, and has determinant 1. The rotation- 
angles of dgp are called the rotation — angles of g. (Alternately, treating p as co 
we may consider g as a parabolic element of E(n) and read the rotation-angles 
there.) Finally suppose g is hyperbolic, and p,q its fixed points in S". Let u be the 
hyperbolic geodesic joining p to q. So g induces an isometry of u & E?, which must 
be a translation since g has no fixed point in D"+?. Suppose for definiteness that g is 
a translation on u in the direction of q. Then q is called the attracting fixed point, 
and correspondingly p the repelling fixed point of g. Also dg, is a homothety i.e. 
conjugate to an element of O(n) x R,. This allows us to assign the rotation-angles 
and the multiplier > 1 to dg,. We define the rotation-angles and the multiplier 
of g to be those of dg,. (Alternately treating q as oo as we may consider g as a 
hyperbolic element of Sim(n), and read its rotation-angles and multiplier there.) 


It is convenient to define the multipher of an elliptic or parobolic to be 1, and define 
the A-invariant (cf. 1.9.1) to be o for elliptics and hyperbolics, and 1 for parabolics. 


(2.4) Proposition The rotation-angles, the multiplier +, and the A-invariant as 
defined in (2.3) form a complete set of invariants of conjugacy class in M(n). 


Proof Notice that we also need to check that the rotation-angles — etc. are in- 
deed invariant under conjugation. An elliptic element in M(n) is conjugate to an 
element in O(n+1) and two elements in O(n+1) are conjugate in O(n+1) iff they 
are conjugate in M(n) — this follows by the standard Lie theory since O(n+1) is 
a maximal compact subgroup of M(n), or alternately by appealing to the linear 
model in chapter 1,§4, or also the hyperbolic geometry in D™*?. This shows that 
the rotation-angles are conjugacy-invariants for elliptics. Moreover A = 0,p = 1 
determines the ellipticity of an element. So the proposition is proved for elliptic 
elements. 


Next let g and h be two conjugate parabolic elements. So there exists k € M(n) 
with h = kgk7!. If p is the fixed point of g, then kp is the fixed point of h. Now 


aie, > I,(S") + 7,,(S”) 


+ In contrast with Sim(n), we have multipliers always > 1 in M(n). 


50 


is a homothety. This easily implies that the rotation-angles of a parabolic are 
conjugacy-invariants. On the other hand, A= 1, p= 1 determines the parabolicity 
of an element. This fact, and the transitivity of M(n) on S” proves the proposition 
for parabolic elements. 

The proof for the hyperbolic elements is similar and may be left to the reader. 
q.e.d. 

(2.5) Relative sizes of elliptics, parabolics and hyperbolics. The group M(n) 
has two components M,(n) and M_(n) consisting of the orientation-preserving and 
orientation-reversing Mébius transformations respectively. Let E, P, H denote the 
sets of elliptics, parabolics and hyperbolics in M(n) respectively. 

Proposition 1) Both HN M4(n) and HM M_(n) are open and non-empty. More- 
over HM M,(n) is dense in M,(n) iff n is even, and HM M_(n) is dense in M_(n) 
iff n is odd. 

2) ENM,(n) has non-empty interior iff n is odd, whereas EM M_(n) has non-empty 
interior iff n is even. 


3) In any case H U £ contains an open and dense subset of M(n). 
Proof The map 
(2.5.1) 
g € Pt the fired point of ginS™ 
makes P the total space of a fiber bundle with base S™ and fiber ~ the set of 
parabolics in Sim(n), or what is the same, in E(n). So 


(2.5.2) 
dim P = dimS” + dim E(n) < dim M(n). 


Similarly the map 


(ia.3) 
g9 € H +> the attracting fired point of gin S™ 


makes H a fiber bundle with base S™ and fiber & the set of hyperbolics in Sim(n). 
The latter is open and dense in Sim(n). So 
(2.5.4) 
dim H = dimS” + dim Sim(n) = dim M(n). 
The topology of H as a fiber-bundle is the manifold-topology, so it coincides with 


the subspace-topology induced from M(n). So H is an open subset. of M(n). It is 
easy to see that both HM M4(n) and HM M_(n) are non-empty. 
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As for elliptics, for definiteness, we restrict to the component M,(n). Consider the 
case n odd. Let 


(2.5.5) 
E,,(n) = {9 € EN M,(n) | ghasnorotationangle = 0}, (nodd). 


Then each g in E,(n) has a unique fixed point in D"t+?. The map 
(2.5.6) 
gE E,(n) + the fixed point of gin D™*? 
makes E,(n) a fiber-bundle with base D™*? and fiber ~ an open, dense subset in 
Cin), so 
(25:7) 
dim E,(n) = dimD™*? + dimO (n) = dim M(n) 


As in the case of H, we conclude that E,(n) is an open subset of M(n), for n odd. 
Now consider the case n even. Let 


(2.5.8) 


E,(n) ={g€ EN My(n) | ghas exactly one rotationangle = 0}. 


Each g in E,(n) has exactly two fixed points in S”. Let 
(2.5.9) 
BE q(s" x S*)—A}/ ~ 
where A is the diagonal and (x,y) ~ (y,z), x,y € S®. The map 
(2.5.10) 


gE E,(n) ++ (the unordered pair of fixed points of ginS") € B 


makes E,(n) a fibration with base B and fiber ~ an open dense subset of O,(n). 
So 


(2.5.11) . 
dim E,(n) = dimB + dimO ,(n) < dimM(n). 
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The subset E4(n) — E,(n) may be similarly decomposed into finitely many strata 
of still smaller dimensions. So in view of (2.5.2) and the fact that H is open, we see 
that when n is odd E;(n) U P is a closed subset with empty interior. 


This proves the parts of 1) and 2) concerning M,(n). The parts concerning M_(n) 
are proved similarly. q.e.d. 


(2.6) A picture of M,(1), cf.[4], §8. The group M,.(1) » PSL(2, R) is homeo- 


morphic to S? x R? i.e. an open solid torus. We denote the image of L= fe , ad 


Phe 1 in PSL(R) by b= eR 


cd 
(2.6.0) 
G = PSL(2, R) + M,(1). 
(2.6.1) 
Le (ke = [=] e = cos0,s = sinb,O<6< r). 
(26:2) 
AaOe ln 
eet Pe JA € Ry). 
(2.6.3) 


vad [Bt] bea) 


Clearly K ~ SO(2) carries the fundamental group ~ Z of G. The conjugacy class 
of ke,0 < 6 < m in G is homeomorphic to G/K which in turn is homeomorphic to 
an open 2-disk. On the other hand, each conjugacy class of ay, A > 0,A # 1 (resp. 
Ny», #0) in G is homeomorphic to G/A (resp. G/N ), each of which, in turn, is 
homeomorphic to an annulus. 

As in (2.5), let E, P, H denote the sets of elliptics, parabolics and hyperbolics 
respectively. For g in G let C(g) denote the conjugacy class of g in G. Then 


GGA) B= fe} Uy gee Cl ka): 
(26 5) PC On Ue (ae), 
Com 2 = ce.) 
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Notice that C(a,) = C(a,-1),\ > 1, and it has the multiplier \?. Also each 
of C(kg), and, C(a,) are closed subsets of G. A careful analysis via the polar 
decomposition of matrices leads to the following picture of VERA): 


Figure 3 


Here PU {e} is a homeomorphic to a right circular cone (x? + y? — z? = 0) dividing 
G into two components. One of the components (the ”interior” of the cone) is 
E — {e} = R®. The other component (the “exterior” of the cone) is H  S? x R? 
One of the C(kg)’s, 0 < @ < 7, which for convenience we have chosen to be C(ky/2) 
in the picture, may be represented by a “meridinal disk” which divides EF — {e} into 
two components. In one of the components C(kg)’s, 0 < @ < w/2, are situated in 
a snake-like fashion tending towards the “ideal boundary” of C(k,/2). The same 
remark applies to the other component which is filled by C(kg)’s, 7/2 <9 < 7m. 


The two ends of each C(a,),A > 1 also tend towards the “ideal boundary” of 
C(kr/2): 

For more details on this picture, and the natural ambient Lorentzian geometry 
of constant curvature 1 we refer to [4], §38. This space has a natural conformal 
Lorentzian ideal boundary which is homeomorphic to a 2-torus. 


= 
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§3 Hyperbolic Translational Length 
(3.1) Let d(x,y) denote the hyperbolic distance in D"+?. For g in M(n) set 


(Sh) 9 7(g)= Pee diz yga): 

It is called the hyperbolic translational length, or h — length for short, of g. Com- 
pare (1.2.1). 

(3.2) Proposition Let g be in M(n), and p(g) its multiplier. Then 


v(g) = Inp(g). 


Proof. Case 1: g is elliptic. If x is the fixed point of g then d(z, gx) = 0. So v(g) 
=0 Also pie) =1. So ln ple) = 0. 


Case 2: g is parabolic. Let p be the fixed point of g in S". Considering p as oo and 
S™ — oo as E” we know from §1 that g leaves a line in E” invariant along which it is 
a translation. This means that g leaves a round circle, say Cy, through oo invariant. 
Let C, be the boundary of the 2-dimensional hyperbolic plane D, C D™+?, which 
is also left invariant by g. 


Consider D, as the upper half-plane. Then up to conjugacy g (restricted to this 
upper half plane) may be taken to be z ++ z+ 1 where z = z + iy is the complex 
co-ordinate. It follows that 


1 
: d. 
d(zo + tyo, to + 1+ yo) = /S- —. 
0 
0 


So as yo — 00 we see that d(zo+ iyo, to +1+iyo) + 0. So v(g) = 0.t But plgy= 1. 
So In p(g) = 0 also. 


a that v(g) = 0 but the d(x, gx) does not attain its minimum for any x in 
n 


Se) 


Case 3: g is hyperbolic.: Let p, q be the fixed points of g, and c, the the hyperbolic 
geodesic joining p to q. 


Figure 4. 


Then g translates co say towards q by a length |.. So d(z,gz) = 1! for all x € ce. 
Let y. be any point in D"*1 and u, the perpendicular from yp on cy with foot zo. 
Then gz, is the foot of the perpendicular gu, from gy) onc. Let z be the foot of 
the perpendicular from y, on the geodesic containing gto. Since cy is the common 
perpendicular to u, and guy we see that 


d(®o,9Zo) < A(Yo, 20) S d(Yos 9Yo) 


It follows that v(g) = /. On the other hand treating q as oo and p as 0 in E® in 
the upper-half space model H™*?, g is given by 


- ae EH", A€ O(n), wE Ry. 


zu 
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So 


f dt 
t= fF=Inp 
1 


This proves the proposition for hyperbolic elements. q.e.d. 


§4 A Theorem of Greenberg 


(4.1) Geometric Subgroups: Let G(S*) denote the full subgroup of M(n) which 
leaves a round k-sphere S* invariant. When the reference to a particular S¥ is not 
important we shall also denote G(S*) simply by G(k). For k = 0 we consider a 
round 0-sphere as a pair of points, and for k = ~—1 we consider a (-1)-sphere as a 
point. So G(0) # O(n) x Ry, and G(-—1) ® Sim(n). Finally we set G(-2) to be 
O(n+1) - which, of course, is defined only upto conjugacy. Let G.(k) denote the 
identity component of G(k),k = —2,—1,0,...n. Note that G(-2) and G(n) have two 
components and the other G(k) have four components. Also the conjugacy class 
of G(k) depends only on k.These G(k)’s, and their subgroups containing G,(k)’s 
will be called the geometric subgroups of M(n). Moreover there are no mutual 
inclusions among G(k)’s for different k’s, and also no inclusions among different 
G(k)’s for different k’s except for G.(0) C Go(—1). The latter inclusion, of course, 
is also defined only upto conjugacy. The following interesting theorem about these 
subgroups is due to Greenberg, cf.[2]. 


(4.1.1) Theorem Maximal proper connected subgroups of M(n) are precisely the 
conjugacy classes of G'(k)'s, k # 0, or n. 


Note that a maximal connected subgroup is closed, so it is a Lie subgroup of M(n). 


The proof extends over the rest of the section. 


(4.2) Let G be a connected Lie subgroup of M(n). We consider the action of M(n) 
on D™*?, as well as its standard linear action, cf. chapter 1, §4. As is well-known 
(and easy to see) the components of the fixed point set of a group of isometries in 
a Riemannian manifold are totally geodesic submanifolds. Since any two points in 
D"*? can be connected by a unique geodesic it also follows that the fixed point set 
of a group of hyperbolic isometries is connected, so such a set is of the form Dk - a 
k-dimensional hyperplane in D™*?, For k = 0, D® is a point. We shall also often 
use the following simple fact: in any action of a group G on a space X the fixed 
point set of a subgroup H in X is invariant under the normalizer of H in G. 


oF 


(4.3) Assertion 1: If G contains a non-trivial compact normal subgroup IT then 
G is contained in some G,(k), k <n. 


Proof Since H is conjugate to a subgroup of O(n+1), it has a fixed point in D™*?, 
Let DK+1, k > —1. be the full fixed point set of H. If G(k) is the full subgroup of 
M(n) leaving D*+? invariant, it is clear from the remark in (4.2) that G, < Coke 
q.e.d. 


(4.4) Assertion 2: If G contains a non-trivial connected abelian normal subgroup 
H then G, is contained in some G,(k), k # n. 


Proof Clearly we may assume that H is a closed subgroup. In view of (4.3) we may 
also assume that it is noncompact. So H contains a closed subgroup = R. Since the 
closure of the group generated by an elliptic is compact,it follows that H contains a 
non-elliptic element h. The fixed point set of h in S™ consists of one or two points, 
and it is left invariant by H (since H normalizes < h > .) Since HI is connected in 
fact H leaves each of these points fixed. But then since H is normal in G and G, is 
connected the fixed points of II are fixed by G, as well. SoG, < G,(—1). q.e.d. 


(4.5) Let G, = R.S be the Levi decomposition, where R is the radical and S a 
semisimple subgroup of G. Then R is connected. Suppose R is non-trivial and H 
the last non-trival subgroup in the derived series of R. Then If is a non-trivial 
connected abelian normal subgroup of G. In view of (4.3) and (4.4) it follows that 
Assertion 3: To prove the theorem we may assume that G is semisimple, and 
non-compact. 

(4.6) For any Lie subgroup A of M(n) we denote its Lie algebra by L(A). Using 
the standard notations, L(M(n)) = so(n+1,1), so has R-rank 1. We now assume 
that G is semisimple and noncompact. So 

(4.6.1) L(G) = SL(H;) where H; is a simple normal subgroup of G. Clearly 


(4.6.2) 


the R—rankofG = )_ the R— rank of Hi < theR—rankof M(n) = 1. 


t= 


If the R-rank of G were 0, then G would be compact. So the R-rank of G is 1, and 
for the same reason, precisely one H; is non-compact. So if r > 2 then G would 
contain a compact normal subgroup, and the theorem would be true for G. In other 
words 
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Assertion 4: To prove the theorem we may assume that G is simple, and non- 
compact. 

(4.7) A simple real Lie algebra of R-rank 1 is isomorphic to one of the following, 
Lo], p.o18, table ¥; 


(4.7.1) 
i)o(k, 1), it)u(k,1), t2)sp(k, 1), iv) fa¢_20), & > 2. 


So L(G) has one of these forms. But L(G) < L(M(n)) = so(n+1,1), so it admits 
a faithful representation on a real vector space V of dimension n+2 and preserves 
a Lorentz metric on V. From the considerations of weights in finite-dimensional 
representations of these Lie algebras it is not difficult to see that none of the Lie 
algebras of types ii), iii) or iv) above admit such a representation. Moreover if 
so(k,1) acts on V leaving invariant a Lorentz form, then V splits as an so(k,1) - 
invariant direct sum W © U where the form restricted to W (resp. U) is Lorentz 
(resp. definite), dim W = k+1 , dim U = n+1-k. By exponentiating we see that 
G, must be conjugate to SO,(k,1) which is embedded in a standard way in M(n). 
So up to conjugacy, Go < Go(k — 1), k > 2. This finishes the proof of Greenberg’s 
theorem. q.e.d. 
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§5 Extensions of Theorems of Nielsen and Van Vleck 


(5.1) Class of a Subgroup Let T be a subgroup of M(n),and let G be its closure. 
If G is compact then we set the class of T to be -2. If G is noncompact and fixes a 
unique point in S" then we set it to be -1. Otherwise let k be the unique smallest 


integer > 0 such that G leaves a round k-sphere invariant. In this case we set the 
class of [ to be k. 


(5.2) Theorem Let [ be a subgroup of M(n) of class k. Suppose that k is odd 
> 1, and [ does not contain elliptic elements accumulating at identity. Then T is 
discrete. 


(5.3) Proof Suppose that [ is not discrete. Let G be its closure and G, the 
identity component of G. Suppose first that the class of I’ is actually n. Then by 
Greenberg’s theorem Go equals Af,(n), ie. TM M,(n) is dense in M,(n). But 
since in our case n is odd it follows by (2.5) that [ must contain elliptic elements 
accumulating at identity. This contradicts our hypothesis. So I must be discrete. 


Now suppose that the class of [ is k < n and k is odd > 1. Then again by 
Greenberg’s theorem G C G(k) » M(k) x O(n-k). Let © be the projection of T 
in the first factor M(k). Since I does not contain elliptic elements accumulating 
at identity it follows that this projection restricted to [ has finite kernel and so 
® is a non-discrete subgroup of M(k) of class k containing no elliptic elements 
accumulating at identity. As above we again arrive at a contradiction. So [ must 
be discrete. q.e.d. 


(5.4) Remarks The above theorem in case n = 1, and every non-identity element 
of T is hyperbolic is due to Nielsen, cf.[5]. In the above formulation, again for n = 
1, it was proved by Siegel, cf.[6]. The above generalization is due to Van Est, cf.[8], 
and Greenberg, cf.[2]. For further extensions along the same lines see [1], [2]. 


(5.5) An element g in M(n) is said to be rotationless if all of its rotation- angles 
are zero. An obvious but remarkable property which plays a role in the classical 
theory of Fuchsian groups is that every non-elliptic element of M(1) & PSL(2,R) is 
rotationless. 


(5.6) Theorem Let I be a subgroup of M(n) of class >1, and consisting of rota- 
tionless elements only. Then the class of [T must be 1, and I is discrete. 
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(5.7) Proof Notice that in the linear model of M(n) a rotationless element, if 
hypebolic, has n eigevalues equal to 1, and if parabolic has all eigenvalues equal to 
1. Let G be the Zariski-closure of [, i.e. the smallest algebraic subgroup containing 
lr. It follows that every element of G has at least n eigenvalues equal to 1. Of 
course G is a Lie subgroup of M(n). Its class is k which by hypothesis is > 1.S0 
its identity component has a noncompact semisimple part ~ M,(k). The algebraic 
property of the eigenvalues forces that we must have k = 1. Moreover I clearly 
does not contain any non-identity elliptic element. So by (5.2) [ is discrete. q.e.d. 


(5.8) Let n = 2. Then M(2) » PSL(2,C) and we can talk of a trace of an element 
of M(2) — upto sign — as a complex number. We see readily that a non-elliptic 
element of M(2) is rotationless iff its trace is real. So (5.7) implies that a subgroup 
of PSL(2,C) all of whose non-identity elements are non-elliptic and have real traces 
is in fact conjugate to a torsion-free Fuchsian group. In this setup the theorem is 
due to Van Vleck,cf.[8}. 
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§6 Existence of Hyperbolic Elements 


(6.1) Theorem Let T be a subgroup of M(n). Suppose T° does not fix a point in 
D™*?. Then I contains a hyperbolic element. 


The proof is based on the following fairly standard lemma on linear groups. Its 
proof is omitted. 


(6.2) Lemma Let G be a subgroup of linear transformations of an N-dimensional 
real vector space V. Suppose that every g € G has all its eigenvalues of absolute 
value 1. Then there exists G-invariant subspaces 


We 2D Sys >... D Wi; 


such that the G-action on W;_,/W;,i = 1,...k is conjugate to an R-irreducible 
orthogonal action. 


(6.3) Proof of the theorem : Consider the linear model for M(n), cf. chapter 
1, §4. So we regard I as acting linearly on V = R"*+?. Suppose I’ does not contain 
a hyperbolic element. Then I satisfies the condition stated in (6.2). Let W be a 
minimal T-invariant subspace of dimension > 1 in V. If W = V then by (6.2) T 
is conjugate to a subgroup of O(n+2), and so I’ has a fixed point in D™t+. So 
suppose W # V. If the Lorentz metric <, > on V restricted to W is degenerate 
then W is tangential to the quadric, and so by minimality dim W = 1. SoT fixes a 
point in S®. So we now suppose that <, >|w is non-degenerate. For definiteness 
we take <, > with the signature -+++.... If <<, >|w is negative-definite then 
dim W = 1 and [ has a fixed point in D"™*+?. Otherwise <, > restricted either to 
W or to its orthogonal complement is a Lorentz metric. Let U be this T-invariant 
proper Lorentz subspace. It defines a DK,1 <k <n in D™*?. It is clear that g in 
T is hyperbolic iff g restricted D* is hyperbolic. So the result follows by induction 
on n. q.e.d. 


(6.4) The above proof also shows the following 


Theorem. Let I be a subgroup of M(n) consisting only of elliptics and parabolics. 
Then I fixes a point in D"*?. 
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§7 Groups Consisting of Elliptics 


(7.1) Let [ be asubgroup of M(n) consisting only ofelliptics. One might conjecture 
that [ must have a fixed point in D"+?, not just in D+? as (6.4) asserts, i.e. I 
must be conjugate to a subgroup of O(n+1). The answer is a bit surprising. 


(7.2) Theorem Let T be a subgroup of M(n) (resp. E(n)) consisting of elliptics 
only. If , 


i) [ contains a solvable subgroup of finite index, or 

ii) T is discrete, or 

1) <3, 

then I’ has a fixed point in D™*! (resp.E"). If n > 4 then there exist subgroups 
of M(n) (resp. E(n)) consisting only of elliptics but having no fixed point in pr 
(resp.E™). 

The proof extends over the rest of this section. 


(7.3) Notice that in view of (6.4) it suffices to prove the assertion for E(n) acting 
on E®. Assume first that T is abelian, and g is in, g # e. Let EX,k > 0, be the 
fixed point set of g. It is clear that T leaves EX invariant and its restriction to EX 
is an abelian group consisting of elliptics only. An easy induction on n shows that 
I has a fixed point. 


(7.4) Next suppose that [ has a solvable subgroup of finite index. It is then easy 
to see that T then has a normal solvable subgroup H of finite index. If H = {e} 
then I is finite, and a “center of mass” - construction gives a fixed point for I. 
Otherwise H contains a characteristic abelian subgroup K # {e}. By (7.3) K has a 
non-empty fixed point set, say EX,k > 0. Then EX is left invariant by I’, and again 
by induction on n it follows that [ has a fixed point. 


(7.5) Now suppose that I is discrete, i.e. [ is a Bieberbach group. SoT contains a 
normal abelian subgroup H of finite index consisting of translations. Since we are 
assuming that I consists of elliptics only we must have H = {e}, and I is finite, so 
again a “center of mass”-construction gives a fixed point for I. 


(7.6) Now we suppose that n < 2. Then E(n) is solvable. So I is also solvable,and 
by (7.4) T has a fixed point. 
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(7.7) Now suppose that n = 3, and I non-discrete. Let I, be the identity compo- 
nent of the closure of I’. Now it is easy to see from Lie-algebra considerations that 
the only connected, proper, non-solvable subgroups of E(8) are the conjugates of 
SO(3). So either I’, is E,(3) or a conjugate of SO(3). In the first case, by (1.8) I 
would contain a parabolic element. In the second case I, would have a fixed point 
which will be also fixed by I. 


(7.8) Finally suppose that n > 4. For definiteness let n = 4. Now E(4) contains 
SU(2) -in fact uniquely upto conjugacy- and each non-identity element of SU(2) 
has both rotation-angles non-zero. Also SU(2) contains non-abelian free subgroups. 
Let @ =< A, B > be such a free subgroup, and set 


(ial) 
PShat oie tb: ft BE +0), o£ 0. 


Let p : E(4) — O(4) be the canonical projection, cf (1.3). Then p(a) = A, and 
p(b) = B. So p(T) = ®. Since © is free so is [. Observe that each of a and b 
have a unique fixed point and these fixed points are distinct. So G does not have a 
common fixed point. On the other hand, for each non-identity element g of T', we 
have p(g) # e. So p(g) and hence g have both rotation-angles non-zero. So each g 
in I has a fixed point, so [ consists of elliptics only. 


This finishes the proof of theorem (7.2). 
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A. Introduction 


When a conformal structure on a manifold is defined by 
ARMs aneMetisic Gg FebOwere GCetect contormal tlarness on 
g ? The answer, due to Weyl and Schouten, is given in ‘Ss (Sp 
and some applications are derived in § D. It turns out that 
the three dimensional case, i.e. the case where the curvature 
tensor is determined by the Ricci tensor, needs a special 
treatment. An example of that situation is given in § E. We 
also give some global properties of compact conformally flat 
manifolds: the nullity of their Pontryagin numbers, (Chern-. 
Simons), a vanishing theorem for middle-dimensional cohomoloocy 
when the scalar curvature is positive (Bourguiqnon)and a 


structure theorem when the scalar curvature iS zero. 
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B. Curvature via representation theory. 


Let (E,q) be a real vector space with dimension n>l1, 
equipped with a non degenerate quadratic form q . Of course, 
we are thinking of (E,q) = (TM...) for a (pseudo)-Riemannian 


manifold (M,g). 


There is a natural action of GL(E) on each tensor space 
on aon Indeed, for x, € m (1 SAS i), ns ie? (tS 3) = $2) Shae 


Y€ GL(E), set 
1 
y Cx, Qa SX Oa © Y,) en ee ar se 


Since this action preserves the symmetries that a given tensor 
may possess, it is not irreducible. For instance, @°E clearly 


admits the GL(E)-decomposition 


6° = S°E ® A°E 
(the symmetric product being denoted by SoE: This decomposition 
is apreducible, cl. [W21.) 


The decomposition of aXe 1S MOoEbe anvolved. Ees use smene 
natural action of the symmetric group Ss. on oE , of the 
group algebra RIS, 1], and certain idempotents of RS] , 
the so-called Young symmetrizers, cf. [W2], ch. IV or [N-S], 


ity Sha 


Now, q dives an identification of E and E*. If 
= c= i 
ye O(q), then y = “y , which proves that the 0(q)-modules 
E and E* are isomorphic. From now on, only tensor powers of 


E* will be considered. The simplest case to consider is o°E*, 
We have 


(1) e-E* = R-q @ sips ® \*E* 


a 2 : 
Here, SoE* is the space of symmetric two-tensors whose trace is 


zero; Clearly, the action of 0(q) on the one-dimensional factor 
1X “Ofop alisy “ehaslayaleiih 5 


The reader may look at [Ha] § 11 for a remarkable applica- 
tion to Riemannian geometry of the decomposition of E* @ S°E*, 
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Now, Our main concern is the curvature tensor 


4 
RE€@® E* (FE = TM). The identities 


RAG Vag Zagat) = HA kp eat} = =R(x,vot, 2) 
and 
Bioivy2jt) = R(2,tyx%,y) 


2 in@Ee), Now, it can be checked that the 


only idempotent of RIS 


just mean that RES 
ne whose restriction to s? (A7E*) is 
not trivial is the Bianchimap, which is given by 


b(R) (x,y,z,t) = FIR(x,y,Z,t) + Rly,2,x,t) + R(z,x,y,t) ]. 


This proves by the way that s* (A7E*) admits, with respect to 


the action of GL(E), the irreducible decomposition 


s* (A*E*) = Ker b © Im b. 
Now, since b(ae 8g) = : aa6é, Imb is GL(E)-isomorphic to 
At Ee, inveparsereculaicmb = 0° 2h damm = 2 om = 3% 


PeeeerimitiOn. Ihe vector space (and O(q)-module) Kerb is 


the Space of curvature tensors. 


It will be denoted by CE. We already know that 


Mmmcr = dim S*(ACE*) - dim A*E* 
2 


nota = ee 


There is an 0(q)-equivariant map of CE into s*E* , the 
Ricci-contradiction, defined by setting 


ia) 
(3) c(R) (x,y) = R(x,e,,Y,e;) 5 


where (e,), ae is an orthonormal basis of (E,q). 


Thesemrssalso a natural way Of generating ellements of 


CE with symmetric two-tensors. 


4. Definition. Given h,ke So, the Kulkarni-Nomizu product 


fot (Cis) aus) eplishal loys 
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(h + k) (So, zee) = h(x, Zieyee) 


+ h(y,t)k(x,z) - h(x,t)k(y,z) > hly,z)k(x,t). 
Examples i) ime aiJjo,e,6) uae Ome —idoncunss,, 

(ao b) - (c © a) = (aac) @® (baad) 
ii) The tensor g-g is just the double of the curvature 


tensor of the standard sphere. 


iii) If h =} A, (e, o e,) Ais diagonalized with respect to an 
orthonormal basis, then 


Gee = 2) (Xe a ie, ee) a (enters 
eeu, oe 5 iL 5 4 il 


In the following, we shall need 0(q)-invariant scalar 
products on S*E* and S- (AEF). To get these, embed in the 
natural way, using gq, Ss? Et and s* (A7E*) into End E and 
End A°E respectively, and define the scalar product of two 


endomorphisms to be trace of their product. 


5. Lemma. i) the map h}t> h.-gq of S*E* sume) (Ci ays 


0(q)-equivariant, and its transposed map is the Ricci contra- 


Gligicaloin Ce 
Stal) Lee M27 fe is nec tae. 


Proot, i) is straightforward ss"or 11) > remark chap 
e(h - g) = (n- ZAM aera 301 


6. theorem. i) if n = 3, the 0(g)-module s* (AEA) (equal 
to CE inthat case) is 0(q)-isomorphic to Sones 


ii) if n24, the 0(q)-module s*(A*E*) admits the following 
irreducible decomposition 
s* (AR) = IRS siE* ® WE © At Ex 


Here RR and SSE are realized in S* (A°E*) 


by Rq-q and 
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gq: sire beapectively; WE = Ker cil Ker b. 


Proof (summarized). i) If n = 3, the injection ht >h-»-q 


is an isomorphism for dimension reasons. 


aes) Using the lemma B.5 and (1), we see that s? (A?) admits 
the O(q)-invariant subspaces Rq-+q,q- Sor roo Xe Mama 9 (1 onmmr 


which are 0O(q)-isomorphic to R, SSE and ASE respectively. 
Clearly, the orthogonal space to the direct sum of these three 


Spaces is Kerc i} Ker b, using the lemma again. 


Now, we have to check irreducibility. On one hand (see 
[SB],n°IX for further details) the vector space of 0(q)-invari- 
ant quadratic forms on CE is three-dimensional, and generated 
by (Rice fe) 1 - {the quadratic forms associated with the 
scalar products on s* (A7E*) and S*E* we defined earlier) 
and (try eae ee Cree eh ost eires Ola) =i rreduci bie 
components. Since we have found three components, they are 
indeed irreducible. On the other hand At Ee {and also any 
nex) is 0O(q)-irreducible, since the space of 0O(q)-invariant 
quadratic forms on ASE is one-dimensional. a 
i oS elon wrote Space Of Weyl cunmvacune tensors) 


associated with (E,q). 


This definition still makes sense when n = 3, but then 


W = 0. We shall use the following corollary of theorem B.6. 


b. GoOroilary. Given. R € Cie, (elm i 2 3) eles Erase wine iS 
hee s*E* and W€E WE such that 


Re @p del 3 UNG 


When R is the curvature tensor of a Riemannian metric, 


taking the Ricci-contradiction of both sides we get 


Rie = Gas Dine (aeie in ep  elotol seloeuctSinoyigte 
— | Ric eee g| 
ric? 2(n- 1) 
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As for W, it can be viewed as the "remainder" after a division 


by scape red) 


9. Definition. We call h and W the Schouten tensor and the 


Weyl curvature of the WWEEICUE fa 


C. Detecting conformal flatness: the Weyl-Schouten theorem. 


The following convention is useful: we denote vector fields 
by capital letters X,¥,2Z etc. and vectors by small letters. 
For instance, to put some emphasis on the properties of 
connections, at a given point we shall write DLY instead of 
DY. Recall that the difference of two connections D and D' 
is a tensor of type (1,2) , which is symmetric if both 


connections are torsion free. So we write at each point 


Bete= Od ae (yz 
2 7 (y,Z) 


he PEOpCsition, Thescurvatures RK and R* cf Deane 


satisfy the relation 


R' (x,y) z = R(x,y)z - (DC) (y,z) + ae 


= Cle Oly, 2) eC (ye) 


Proof. Straightforward computation. Recall that (D.C) (y,2) 


is the covariant derivative of C : it is a tensor of type (1,3). 


2. Examples. ai) If D and D" are projectively equivalent 
(i.e. have the same geodesic paths), it is well known 

(cf. [Sp], II.6.35 for instance) that C(y,z) = aly)z+ OA VEA tap 
Wosee fei aS) Bl |ieerenl, ‘Wereia 


R'(x,y)z = R(x,y)z - da(x,y)z 


~(D a) (z)y + (Do) (z)x - aly)a(z)x + alx)a(z)y 


ii) If D and D" are the Levi-Civita connections of two 


oint-wi = ef 
Pp se conformal metrics g and g' =e g, we have seen 


ra 


aki, Clay IL G 2 selene 
Ciye2je—rda ty). Podilz)y = qly,z) VE . 
It follows that 
Role, ¥) Zak (x,y )e = {bdt) (x ,z2)y 
(Be eix + aly,z)D Vt 
= g(x,z)D VE Seu neeiny) x= at (xc) y | 
+ idf17Ig(y,z)x - g(z,x)y] 
+ Tote, 2) aly) - gly;z)di(x) IVE 


If we compare the (0,4) tensors instead and use the formalism 


of the preceeding paragraph, this formula gets nicer. Indeed 


BeeeroOpoOStigion. Let | R and R the (0,4) curvature tensors 
of the metrices g and g‘' = eG Bespe Cte ly. mebnem 


e ao = ie jose op as (hele © Gls) 2G 


laf? g-g 


No] 


Proof. Use the very definnerton OrNour Product on two-fomms:. 


In particular, the Weyl curvatures and the Schouten tensors 


Satisfy, usang corollary B.8, 


Ww' = Boe 


a = ho =) Dar sede o df - s1afl* 
g 


4, Remarks. i) Coming back to (1,3) tensors, we see that 


w' = W in that case. That's why W is often called the con- 


formal curvature. 


(ii) We can deduce from these formulae the relations between the 


Ricci and the scalar curvature. It turns out that it is then more 
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convenient to write the conformal factor differently. Indeed, 


setting g° = y 2g , we get 
: : nee Ap 
Rict - Sgt = Ric - £4 + A ipaw + SB gy 
= 
= 
Sinewiiaep ej =e i Gj p WE wee 
ie 2 
yo? Regent ee Seal Fed oe Aa 
n-2 
477) “If m= 2, we get Ric’ = Ric + (Afjig, therecore che 


Gauss curvatures K and K' satisfy 
Gis = Me ap UNE 


We can now answer the question of detecting conformal 
flatness. For the two-dimensional case, we have the well-known 


theorem of existence ofisothermal coordinates, proved by Gauss 
im tle @ Case. 


5. Theorem. Any two-dimensional Cc” Riemannian manifold 
(M,g) is conformally flat. 


REOOr We mMUSt tind, inthe ene chbomahoodmotmecc hme clmatmEcl 
function f such that the Gaussian curvature of oes be zero. 
Ike elukersiokers! rele) Gielhys: tele ililsioneie Cejiercilem Wie 7K = , wiaicla 


always has local solutions. o 


When dim M 2 3 an obvious necessary condition for 
conformal flatness is the nullity of the Weyl tensor, since 
it is conformally invariant up to a mutliplicative factor. 
Of course, this condition is always satisfied if dim M = 3. 
Now, we must find locally a function f such that the Schouten 
tensor of the metric ee be zero, i.e. solve the over- 
determined equation 


1 
h - Daf + af o dt - 4 Jagi2g = 0 


us 


6. Technical lemma. Let (M,g) a Riemannian manifold 


(dim M>3) with zero Weyl curvature. Then g ie conformally 


mth and only if 


Di hly,2) 4 D h(x, 2) = 0 


(i.e. iff the covariant derivative of the Schouten tensor is 


completely symmetric.) 


Proof. If g is conformally flat, each point of M admits 
a neighbourhood U_ such that the equation 


2 
Daf - df o df + 4 ldfl°g =h 
admits a solution f. 


It amounts to the same to say that there exists locally a 


one form a such that 


(7) Die, 8) GL x lal? g=h 


Indeed, for such an a the covariant derivative Da is 
symmetric. This means that a is closed, and since the problem 


is local, we can apply Poincaré lemma. 
5 Dice? comme 
Now, define d°:C (S°M) —>C (AM @ TM) 
(8) as (x,y,z) =D SV) a= BEES 


Applying aP to both members of (7) and taking in account that 


& must be closed, we get 
aPhix,y,z) = R(x,y,2,0) - a(y)D,a(z) 
+ one tat + g (Dvr) gly,2) 
= g (Doro) g(x,y). 


Taking (7) into account, we get 


74 


ah (x,y,z) = R(x,y,Z,Q) 


~aty) lo(n)o (2) = Slal-o (x, 2m en 


valx) laly)aten = lela (y, zee 


egly,2) (4 lala(x) + h(x,a)] 


-g(x,z)[5 lal%(y) + hly,a)] 


iLo@ic aPh (x,y,z) = Rey zi) 
ta(y)h(x,z) - a(x)h(y,z) + hlx,a)gly,z) 
-h(y,a)g(x,z). 

Now, R= g-h + W. SO we get 


ah (x,y,z) = W(x,y,Z,a) = 0 


Conversely, suppose that W = 0 and ah = 0. Then the 
equation Da - a°a + slaitg = h can be viewed (using local 
coordinates for instance) as an overdetermined system of the 
type 


94%, = By5 (oy, Seer as hi 5 


and the conditions ah = 0 and W= 0 just say, mimicking 
the computation above, that this system is completely inte- 


grable. (See [Sp] , I.6 for this less classical form of the 
Frobenius theorem). 


9. Theorem. (Weyl-Schouten) i) A 3-dimensional Riemannian 


manifold (M,g) is conformally flat if and Only uel sits 
Schouten tensor satisfies 


Di hly,z) - Dh (x, z) = 0 


ii) If dim M24, then (M,g) is conformally flat if and 
only if W= 0. 


7S 


Proof. i) is contained in the technical lemma. As for ii), 
what remains to be proved is that, when dim M>4, the 
condition ah = 0 is a consequence of W = 0. This comes 


from the second Bianchi identity. Indeed, since W=0, 


| <r ee oMmE-b aol DU Rly, Z,t,u) = gly,t)D,h(z,u) + g(z,u)D nl(g,t) 
sai2-t)D 2 ly.u) enn 2; t).. 
Therefore 


g(x,u) d°h(y,z,t) + gly,u) aPn(z,x,t) 
a6) (UZ , Wi)} aPhix,y,t) = 9 (2,16) aPniy,z,u) 


=Gilait) ag (z,x,u) = tof (4 p16), aPh (x,y,u) = © 


Taking the trace with respect to x,u we get 
a 3) aPhiy,z,t) ——eqiy,t) idiwh(2y 4 dtr nitz)) 


Pig co) lcivemiy) + dtr hty))] = 0 


(We have denoted by 6 the divergence of a symmetric two- 


tensor: div h(x) = - 2 De ,h(x,e;) for an orthonormal basis 
(e;), ee Now the second Bianchi identity says that 
div Ric = - a d Scal, which just means that div h + dtr h= 0. 


Of course, this relation can be obtained by taking a further 


PifteCmy chess eeee tO 2,C. 


Remarks. i) The case of projectively flat connections can be 


treated by a quite analogous two-step process. 


ii) It would be tempting to state and prove some general 
Frobenius theorem involving the equation Do = F(a). 
Unfortunately, if we want F to be "natural" in a reasonable 
sense, such a theorem will only cover the equations obtained 


in the projective and in the conformal case. 
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D. Some consequences: Riemannian products conformally flat 
Some consequences: Riemannian products, conrorma-yf-at 


hypersurfaces of R" heat 


As a consequence of theorem C.9 above, we can give a esis 
of examples of conformally flat manifolds. In dimension 3, 
every Riemannian manifold with parallel Ricci tensor is con- 
formally flat (this condition is not necessary of course, cf. 
E section). Not surprisingly, we get three dimensional space- 
forms, and also products of two dimensional space forms with 


the real line. 


In dimension greater than or equal to four, we have to 
check the "divisibility" of the Riemann curvature tensor by 


the metric g. The following example is very easy to get 


1. Proposition. i) If (U,,9,) and (U_,g_) are two space- 
forms where curvatures are + 1 and --1 respectively, the 


Riemannian product (U, x Sas Fre Gg.) is conformally gala, 


ii) If (U,9) is a space form, the product (Ux I, Gg + dt } 


is conformally flat, and so is the warped product 


(UEXeoly f2(t)g + dt?) for any non vanishing function f on I. 


Proof. i) The curvature tensors of a, and g_, are 


1 1 . 
50 So, and - yOl8 ° oe ioesore(eicalyelly75 UWnress (chobe\rencienee Oe telae 
product (abusively written a = Gg, + g_) Stscjuse 
= — | 
R= Ry + R_ = x (g, ° Sy = _ . g ) 
Sig gees a =Neees 
aero / Dp 9a) > > Ome che ace. 


since the product is commutative and distributive. 


ii) The first part goes is the same way: the curvature of the 


product is the same as the curvature of the first fa Cleo re eee 


kG 2g = Kig ? ct°h- (qlee 


since de“ . dt“ = 0. 
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As for the metric f£(t)g a at? , we can write 


2, 
2 2 2 ( dt ) | 
ae (We ~ jolen = eee 
ae” 2 ; 
="p-(u)lg + -du™] after change of variable, and use 


the conformal flatness of g + du2, 


Remark. These results can be checked directly, without using 
Weyl's theorem. Indeed, consider Rea Rt! which is 
diffeomorphic to sP x Ri, equipped with the metric 


Ped p+] 
( ) ) ax? / x? = where r° = ) x? 
a ee 


Denoting by > the standard metric of SP c ne 7 ielaale 


metric can be written 


p+q 
(ax? + r*do_ + J dx’) /r* = 


pt2 


p+q 
do. + (ar? + ~) dx’) /r? 
P ee 


The second term is just the Poincaré metric of the half space 


R x RIT, Compare with chapter I, § 7. 


The following property provides a further opportunity of 
playing with divisibility by g, but has also global consequences 


we will see later. 
2. Proposition. A Riemannian product (M,19,)* (Mo 1g 5) is 
conformally flat if andeondy 2k either 


51)) (M,,9,) is one dimensional, and (Mads) (et i) 2 


space-form, or 


aLa)) (Mi 4g4) and (M5 rg 5) are space-forms of dimension at least 


two, with non-zero opposite curvatures. 
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Proof. The "if" part has been checked already. Now, the 
curvature of the product metric is 


Sy i hy a om) ho + W, + Wo- 


Clearly, W and W belong to the Weyl component for 


1 2 
the product metric, and must be zero if tke metric is con- 
formally flat. So we must decide when g4h, + gohy is 


divisible by g = J, * Go- In that case, since 


olg, he) = s(n 2) ee n5)9y 

(1 =9,27 07> dim M;) ; 

(n - 2)(h, * g, +h, > G5) = [(n, - 2)h,+ (n,- 2)h, 
ey aa de i os ap 


where c, are scalars. Projecting on each factor, we get 


(n- 2)h, Oo ja & ((n, - 2)h, + c.9;) 2 Gj. 


al eos 


therefore 


(n- 2)h,; = (n, - 2)h; + Cc, 


i9i 


ae n,>2. Since nen. , this proves that each factor is 
Einstein, and consequently a space-form, since we already 


know it is conformally flat. 
Then 2R = Kig4-9, + K595°S5 
NS a? 5a 0) AK er eaaes 


Now, it is easy to check that 54°F is not divisible by 
Q, + Gor unless one ory is equal to dt’, 


Analogous proofswork for n= 3 or n= 4 and 
Re = ty. = 2, by a more direct argument. 


o 


Using our algebraic formalism, it is easy to recover the 
following property, first proved by Elie Cartan. 


fis) 


3. Theorem. Ee nied nypersitatralce ine es ieee is conformally 


flat if and only if the second fundamental form has at each 


Oint an eigenvalue of multiplicity at least n- 1. 


Proof. Let s be the second fundamental form. The Gauss 
equation can be written R= u Ss - s. Sufficiency is then 
Straightforward. Indeed, at each point we have s = aca + bg 
(the one-form a andthe scalar b can of course be zero), 
[Emeretore, since {an oa) « {(f@°a) = 0, Ss «sg = b“gsg a1 Morey 2610 


is divisible by g. 


Conversely, if s.s is divisible by g , since 


etsesie=—2(tr sjs — Fe one has 
s*- se ome= [2 (ers)'s - 287 - ag] ° 
(n-2) 3g g 
n 
bee S =) i.{e. o e.) the spectral decomposition of s. 
i=1 BE al. ae 


Then, using the very definition of the product. (cf. D.4), 


ces 2ip Jetelen A eC.) @ (ean 6. ))-. 
aes) 1 3} a 3) 


On the other hand, if h = ) M, e,°e, , then 


a = hee 2 y (4, © Ms) (ejA e,) a (e,A e,) 


Therefore* 4 


(n= 2)AgAy = a Oyt A, - 2(.7 + nS) = 2a 
(a and a' are scalar). If n24, a combinatorial argument 
shows that the A; take at most 2 different values. Once this 
is known, check directly that one of them has multiplicity at 
least n- 1. Indeed, if p and q are two orthogonal 
projectors such that p +q = Id = g it amounts to check that 
p-°-q is never divisible by g, unless one of them has rank 


one (compare with D.2). 
(a) 


To go further, one uses the following folk-property. 


4. Proposition. Let h be a tensor on a Riemannian manifold 


(M,g), satisfying the "Codazzi equation" 
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aPh (x,y,z) D,hly,Z) - Dh (x,2) = 0. 


Let U be an open set where h has an eigenvalue A of constant 


multiplicity greater than 1. Then the corresponding eigen-space 


distribution is integrable, and A is constant on each leaf. 


Proof. We use the endomorphism field associated with h , and 
we denote it in the same way. If X and Y are two vector- 
fields such that h(X) = AX and h(Y) = AY , then 


{I 


Wore 2 pe ee 00.9 is h(D x) 


= = A) Ko ¥ AD R= CD! X 
Y ) 7 ( y ) 


Since (Dh (X) = (D,h) (Y), 
ms, ell) = RID, Sl & (Ge 2 eS (eo A)) OK 
Using the fact that h is symmetric, we get h([X,Y]) = AI[X,Y] 


all Cae eee) = Ye Se e— tO 


Wisialigve; jelolalis} aers\ehbuhe, (eyes) level jeiatonie (elie, 18) = 1D) = iMi)) ielaane 
if M is everywhere non-umbilic, it is foliated by constant 
curvature manifolds of dimension n- 1. Together with D.3, 
this result is the point of departure of the deeper 
classification of compact conformally flat hypersurfaces of 


R" (we 5), cf. [C = D = M]) sand tehepecer 4. 


E. Local theory of conformally flat hypersurfaces of Rr 


The case of hypersurfaces of in is more involved, since 
we are obliged to use the third order condition. 


We first prove the following, which is easy, but without any 
written proof (although implicit in Elie Cartan). 


1. Proposition. A hypersurface of R’ whose second fundamental 


form has at_most two eigenvalues is conformally flat. 
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Proof. By a continuity argument, it is enough to proof the 
conformal flatness for open umbilic sets of M _, and for open 
sets where the second fundamental form s_ has two eigenvalues. 
The first case is trivial (since M has constant curvature 
there). 


In the second case, write 


Then the Codazzi equation and proposition D.4 imply that 
daaa = 0 (integrability of the dimension two eigen-distri- 
bution) and dfaa=0 (constancy of the eigenvalue along 
the leaves). 


Now, S °-S = Roy co ie; ae Coe (GL © 0) Otep pp Wexer Weleehe 

Ric Mee 2£%g + lal*£g + f(aoca), and the Schouten tensor 
h = Ri Saas Gls equalvton £ (ai ° a) + 5 £2. Using the 
equations daaa = 0 and df naa=0, we have 


a°hix,y,2) = f1D a(z)aly) - Dya(z)a(x) ] 
fu te fobs (ee li, v4)) c= seclie (lop or(henray)  tehavel 
(oy = as (x,y,z) = Da(z)aly) - Do (2) 0 (x) 


+ df(x) gly,z) - dfly)g(x,z), so that 


To see that this condition is not sufficient, look at 
the following local example. 


: (resp. M c RR?) be a surface with 


Example. Let McS 
constant Gaussian curvature, and take the cone RM in 

R4 (resp. the cylinder RR x M). This hypersurface is conformally 
flat: since its metric is just ar? + fader (resp. dt? + Sy): 

we can use proposition D.1. Now, there exist (see for 

instance [Sp,III.3]) plenty of local examples of non-umbilical 
such M- note that this phenemenon is special to dimension 2 - , 


+ 
and in that case the second fundamental form of RM (ue 
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RxM has three distinct eigenvalues. 


Call generic @ hypersurface Mc Rt! whose second 
fundamental form has everywhere distinct eigenvalues. 

The local theory of generic conformally flat hypersurfaces 

of R’ is due to Elie Cartan, see [C] p. 89-95. We present 


it here in a somewhat modified way. 


For a generic hypersurface, the metric g and the 
second fundamental form s can be simultaneously 


diagonalized, so that 


2 


gy sr B? fs \2 


g 


Furthermore, the functions A,uU,Vv and the one-forms a,68,yY 
are smooth. We shall use the moving coframe a,8,y. The Gauss 


equation says that 


1 
R= 57 8.8 = AL AAB@BaAAB+UV BAY@BAY 


+ VA AAY@AAB 


{2 


thenefore Che Schouten tensor has given by 
e Z Zs 2 
2h A4o + 148 a Vay ’ 
where A, = AutAvruyv, VzRvA + va dv r By =prX+ vu -dAu. 


To work with the conformal flatness criterion namely 


De : 
dh = 0, we must take into account the Codazzi-equation, which 
says that as = 0. 


ie y! -p! 
Let -y' 0 a! be the connecticn matrix of the 
BU eayonY 0 
# 


# 
GOiame pb, Vy. LE mone G ae are the vector fields associated 


with a,8,y be the metric, we have (cf. [Sp],T.2) 
o° Ge) = 0b y (Bf) B8'(x) = D at, *) (e) a= so! 
xX ’ x , \ x = DB la ee 


: : # f 
Using orthogonality, we also have D Bla ) + Da (3") = Onretes sc 
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A straightforward computation gives 


aP’s(x,y,z) = (Adana) (x,y) a(z) 
Sail AB) tx, y) Bl2zy + tava yxy) ¥ (2) 
+ Ada(x,y)a(z) + pdB(x,y)B(z) + vdy(x,y)y(z) 


+ A (Da (z)a(y) - Do (2) a(x) ) 


+ p(D, 6 (z) Bly) ee =) 
+ v (Dy (Zz) y Cy) - Dy (2) y tx) ) 


and the same formula for ae. Taking z= at gp? y# , we see 


that the Codazzi equations are given by the three following 


equations, involving two-forms: 


GAna # Ada + py’ aB-vVB' ay = 0 


duaB + pdb + vat ~ay-dAy' aa = 0 


ut 
oO 


OLS ap ar Whol cal Use Vtech (ery yy 7s. 


The conformal flatness condition is given by analogous 


equations, where Day, are replaced by AyrhyrYy 


2. Proposition. If a generic mec R! is conformally flat, 
Ene wcO=principal”™ distributions a= 0, 8 =0, y= 0 are 


integrable. 
Proof. Since we simultaneously have 


(lip. jt She ae »dy + hgh ce ee Ae O 


dr, Ole da + se Z B-v,B'A y =0 


1 


oli ae eee eS) 


the determinant 
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dAaatrAda u Vv 

dA,Aa + A, da Hy Vy is zero. 
da 1 1 

A u Vv 


= (A= 1) (=) (vy =k 


Since dy uy Vy 
1 1 a] | 


is not zero, the two form da is divisible by a. 


Of course, this condition is not sufficient, since ak Sass 
Satisfied by any Nx R c R’ , where N is any submanifold of 
R° .- Setting daA= Ao + AaB + ate GQekeaoaay Wel Cire tele 


following criterion. 


3. Proposition. A genric mec Rr! is contormally flap trend 
only if the tollowing conditions hold 


i) daaa = adBAB = dyay = 0 


sLal)) (= ee a (= Vy bY = (= AYvy = 0 

(v- A). + (1- Adve = eee 0 

eR (Ney ee AS oN) = 0 

ne, u , ( ee 
ieee, Sete ey = a,a + b,8 + Cava 
B' = aa + b.B + Coy » y'o= a,a + 538 to 

Then daaa = 0 (for instance) if and only if b,+ C2 = OF 
so that condition i) is eguivalent to a, = by mec arg OF 
Further more, taking i) into account, the Codazzi equation 


gives 


Ae + a, 0- wy) S We A ay (v- A) = 0 


¥ 


and four other equations which are deduced from these two by 
circular permutation. 
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In the same way, the conformal flatness condition 


GAsaAat AvdatusyaB~- vi Bay = 0 


OT 
GA a= 24k Uy AB Zuiko) eB Ay = 0 
gives 
(RE NG ~ (baie + (A-u) ve + 2a,v(A-u) = 0 
(ut Ve + (Q- vu, * eal By ~ 2a,pOA-v) = 0 


Using the Codazzi equations in the form obtained above, 
this proves our claim: After condition i) has been taken into 
account, there are six equations to check, the two just above 
and the four which are deduced from those two by circular 
permutation. But the Codazzi equations force these equations 


to be equivalent to three of them. 


A beautiful, but mysterious interpretation of these 
conditions has been given by Elie Cartan. For each tangent 


plane to M, consider the homogeneous cone whose equation is 


Using classical arguments about pencils of conics (cf. [Br] 
for instance), we see that there exist 6 planes directions 
(two real, four pair-wise complex conjugate) which give 
circular sections. Indeed, there are three values of t for 


which the quadratic form 


2 2 


ham + wee oy7=t lar “ vane) 


fcedeqenerate (t=A,u,v of course!). It is then decomposed . 
into a product of linear forms, and these linear forms give 


> 


the plane dirctions we want. If for instance Awe =] Vv, ehey 


slugs 
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v=o = 62 iy ae y = 0 
Vil—=v yy = vVA= (omen) 


(Late  O 2 aay ip laa 


Let us call these planes the umbilical planes. 


4. Theorem. A generic wc rR’ is conformally flat if and 
only if the umbilical distributions are integrable. 


(Of course, for complex planes this makes sense only formally). 


Proof. Taking the exterior derivative of w=VA-p B+teivA—-v y 


(where e¢= +1) gives 
dw=vVA-u dBt+tei YA-v ay 


, ida] dl, ae dics = Ci) A % 
AP M0 A = 8 


Then dwaw = (A-u)dBAB+ (V—- A)AYA y 


tei [JT aD = WT (ap ay+ ayn gy + 4/2 (ar-auyrsny 


1 A> 
sees RoE (an-av) aya | 


Therefore, the integrability of the umbilical distributions 


is equivalent to the equations 


daaa = dBAB =dyAy=0 (since i,u,v are distinct) 


together with 
2(A- yu) (A- v) (dB ay + ay 48) + [(p-v)dat (v- ay + (A-u) dv] 4B Ay =0 


and two other conditions obtained by ciruclar permutation. 
The equivalence of these conditions with i) and ii) of 
Proposition E.3 is derived using the Codazzi equations in the 


Same way as in the proof of this proposition. 
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igs Some global properties of compact conformally flat manifolds. 


Let us begin with a down to earth description of the 
Pontryagin forms of a Riemannian manifold (M,g). For any local 
coframe (e,), ae On an open set, the curvature can be 


alt 
written as R Wa CO e,A e., where Q= (2,4) is an anti- 


symmetric matrix See ea The algebra generated by 
differential forms of even degree is commutative. Therefore, if 
P is a polynomial on the Lie-alcebra SO(n) of antisymmetric 
(n,n) matrices, we can define P(f), a differential form of 


degree 2k if p is homogeneous of degree k. 


If we take another orthonormal coframe rove) 
on U'ecM, then on UNU' we have er =) 945 ‘ Ss and 
=gQ2g !', where gec’(unU',O(n)). Now, if P is 
Ad O(n)-invariant, P(Q2) does not depend on the choice of 
a particular coframe, and all the locally defined P(2) match 


together to give a differential form P(R) on M. 


Peebetinitrom. P(R) is the Pontryagin form associated with 


the polynomial P. 


It can be proved, using the second Bianchi identity, that 
P(R) is closed. Furthermore, its cohomology class is a 
differential invariant (cf. [M-S], in particular appendix C), 
the Porntryagin class associated with BP. It can also 
be proved (cf. [Sp], I) that the algebra of 0(n)-invariant 
polynomials over S0{n) is generated by the polynomial Pp. 


defined by 


P,, (X) = er(x-%) 


cA = 0). The reader may suspect that this is 


(Clearly tr(X 
related with symmetric functions and Newton sums). This fact 


has the following important consequerce. 


2. Theorem (Chern-Simons [C-S] , cf. also [Ku]). The Pontryagin 
forms only depend on the Weyl tensor. 
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Prooks it 1S enough LOmpro oe freer 


P,(R) = } 2, , AO 4 aoe & 
Ee Le 42 


Now, taking a basis which diagonalizes the Ricci tensor, we 


have 
R= )} W.g@esne.2 2.) (. .iJe, Ae. omen rnc.) 

ee ij al fos Bien ai aL 5 
(cf. B.4). We must prove that we can replace is by something 
like a ae e, A e; . But the first Bianchi identity just 
says that 

GEA Via, = 
) e, jk 


Therefore we can do this substitution step by step in the 


formula which gives us P) (R). 


3. Corollary. [iva ditrerential manitoldicarries a connoumama, 


lene WSIS, wits Womeeyecuin Classes Gull weil eln. 


For an oriented Riemannian manifold with volume form w , 


recall that the Hodge operator «:\Pm — a ™”Pm is defined by 
(4) xa A 8B = gla,8)w 


In particular, when n is even, it gives rise to a conformally 


n/2 


invariant isomorphism of A , i.e. we have the following 


5. Proposition. For any open set U , the harmonic forms on 
U only depend on the conformal class of the metric. 


This elementary property has important consequences concerning 
the Weitzenbéck formula in middle dimension. Recall (cf. 

[SB], n°xvI [Be] for detailed information) that this formula 
says that the Hodge-de Rham Laplacian A = Glis ae @cel and the 
rough Laplacian D*D (D* is the formal adjoint of the 
covariant derivative D) are related by 
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i IDE) <P TE (388) 
p 


where ey is a linear map on the bundle APu , Which 
depends linearly on the curvature, and is "universal" in that 
it depends on p only (for p = 1, it is well known that 


L,(R) = Ric as an endomorphism). 


6. Theorem (J.P. Bourguignan, [Bo]). If (M,g) isa 


Riemannian manwrOola of Gimension n= 2m the WeintzenbGck 


formula for m-forms is given by 


Scal 


2 = * er 
ee ear) 


# LW) 
(i.e. the order zero part of the formula only depends on 


scalar and Weyl curvatures). 


Proof. Using local existence theorems for elliptic equations, 
we see that for any x € M andany w € A™M, there exists in 
a neichbourhood of x a harmonic form a_ such that Oh = Wye: 
The preceding propositions and the relation D*D* = *D*D then 


prove that LR) commutes with «x. 


Furthermore, since A and D*D are formally selfadjoint, 
Ly (R) is symmetric. Now, look at the case n = 4. Setting 
E = TUM, we know that at each point x, LR) belongs to 
s*(A2E), which admits the O(n) decomposition (cf. B) 

s*(j*E) =R g-g ® StE ® WE © Re 

((skipt lati 2 A‘E is generated by »*). Using Schur's lemma 
(cf. [N-S]), we see that LR) has not component in R* , 
and that its decompositions with respect to the first three 


irreducible factors is given by 


ecall 
4 


(ie (i) L{ (Seal) ay IL (eae) Cop Je aie cae a 
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Now, tensors in Rg°- g = RId,2p clearly commute with *. 
So do tensors in WE , since WE is generated by (aab) o (cad) 
where a,b,c,d are pairwise orthogonal. On the other hand, 
tensors in S°E anticommute with «*: indeed, if fesi< i 


0 
is an orthonormal basis, they are generated by 


= 6) 
) (ane,) 3 (bae,) where g(a,b) = 0. Therefore L" = 0 
a > 


The general case n= 2m is proven with the same commutation 


argument ([Bo], § 8). Thereis aqgeneralisationof B., namely the 


decomposition of s* (APE) into 0O(n)-irreducible components. 
THis ale Clb tee? I, wwllikeueml, CHE, [sw] § 3. 


To find the coefficient of Scal in the formula, take 


the computation for the standard sphere.o 


Using the Hodge-de Rham theorem, an immediate consequence 


is the 


7. Theorem (Bourguignon, [Bo] ). Let (M,g) be a compact 
conformally flat Riemannian manifold with positive scalar 


curvature, of even dimension 2m. Then H'(M,IR) = 0. 


Proof. This is the classical Weintzenbéck argument: 
for a€ 2 (M), 


Waa g(da,a)v, = Sy (g(D*Da,a)v, + Scal gla,a))v, 


2 
I, IDal“v Scal lal*vg : 


goes 


ines sae ke = O , C = 


As usual is this situation, with a topological assumption 


precise information can be caught in the limit case 


8. Theorem [L] Let (M,g) be a compact conformally flat 


Riemannian manifold with zero scalar curvature. Suppose that 


: ™m 
dim M = 2m, and that H (M,IR)+¥ 0. Then etther (Mjg) iseelat 


’ 
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or its universal Riemannian cover is the Riemannian product 


ee x Heo 


Proof. Since for m-forms Aa=D*Da in that case, there is a 
non-zero parallel m-form. This form is invariant under the 
action of the holonomy group G of M. Now, a by-product of 


the classification of holonomy groups is the following 


Lemma. If (M,g) is locally irreducible and if €¥#5S0(n) 
ana G+U({n/2), then (M,g) is Einstein. (cf. {Be]). 


Now, if E = TM, i™z has a one dimensional invariant sub- 
Space under the holonomy representation. Then G cannot be 
SO(n), and cannot be U(n/2) either (unless n = 4, but to 

be in the same time conformally flat and Kahler is so strong 
that the treatment in that case is easy). Therefore (M,g) 

is locally reducible (if either it is Einstein, it is flat 

and already reducible!). Using the de Rham decomposition 
theorem, this means that (M,g) is locally a Riemannian product. 
ByEDGOpOStTtion Di2 this 1S spossibie only Jf (M,q) is flat 


or locally isometric to Ses 


g2 
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A. Statement of the result 


Let M be a compact manifold equipped with a conformal 
structure, C(M) the conformal group, Cy (M) its neutral 


component. Bhen the follilewing spectacullay property holds 


1. Theorem (Ob ataemeren (O2 |). ab Co (M) aLS) inteke, Cleiieaicie , 


Mees contormal to the standard sphere. 


ial.) (Lelong-Ferrand, cf. [L-F]) The same conclusion holds when 
Cy (M) is replaced by C(M). 


We give here a basically self-contained account of i). The 
proof uses various geometric tricks, which are dispersed in 
various papers. It has some Riemannian geometric flavour, while 
the proof of ii) relies on a thorough study of quasi-conformal 
homeomorphisms. However, it is worth-noting that the 
degeneracy of conformal homeomorphisms, which occurs when 
C(M) is not compact (cf. [L-F] § 8) is very similar to 
what happens with the flow of an “essential conformal vector 


nei ceive, 183, | 2 teeilkesy)) =e 


In dimension two, the theorem is a classical result on 
Riemann surfaces: indeed, the Riemann sphere, whose automorphism 


group is PSL(2,€), is the only compact Riemann surface whose 
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automorphism group is not compact. 


The following property is not needed in the sequel, but 


illustrates the fact that "big conformal groups" are rather 


Pere. 


2. Proposition. Any conformal diffeomorphism of sP x pd (ej = 4))) 
is an isometry. 


Proof. For p = 0, this is a result of ch. I, § 6 of these 
notes. Since one can consider sP x HT as the complement of 
an celal in ere a (he, Gln Wie, Wij), rwlaks ieee alin ils Geraeiecill 
case goes in the same way: Using Liouville's theorem, a con- 
formal diffeomorphism of ga eS cine | extends itself to 
a conformal diffeomorphism (that we shall denote by again) 
Ors cea Now, © must leave gpl stable, and this exactly 
means that p€0(p+1)xO0(q,1). (The case p=q=i isa 


Classical result about Riemann surfaces). 


Remevcls, Ia LNbluijexese joowecl el Siuileme KSI KEKE Compiles Eam= 


stein manifolds withnegative Ricci curvature, cf. [Ku]. 


B. Some conformal vector fields on $s” 


For the stancard sphere, such a result is far from true. 
Indeed, I(S") = O(n+1), while C(S")=PO(n+1,1) has n+1 
more dimensions anc is not even compact. To put some emphasis 
on this fact, we describe some remarkable non-compact one 
parameter groups of Gilca)ey which will be useful later on. 


1. Proposition (folk). Let S” be the round sphere in Rs 


n 


and £ the restriction to §S of a linear form: namely 


E(x) = <v,x> . Then V£ generates a one parameter non-compact 


gropp G of conformal ciffeomorphisms , which has two fixed 


: V ; ; = 
points, one (p = Tv? atiracrive and tone.) (qr — 77) repulsive. 


WKS ee GOMES OF € Ame open half circles connecting q and 
[De 


a5 


EEOOR Lake V = (1,C,...0) , and write explicitely the 


stereographic jecti ns 2 
oe projection S of S={(X)o.3c.y YX, | 1} 


onto Kk = U(X) es <ns Xo = 0} , whose coordinates shall be 
denoted K4 Koper eX + Then S(Xp 1Xyr- ++ KX} ~ (Xp eX ree eX) 
xX . 
where eee = (GES Aer) 
aL 1-X , 
0 
Mee x, eee aq gaye -ome 
0° Ux¢+1 a i” T+2x? 
Transported to Soe the one parameter aroup of homotheties 
: it 5 _otl = (2 se +t 
h.:x ex gives H,(X)=S ‘e hy © S(X) = (Xp Xs 4..., Xn) 
Bite Die 
where Xe = Se 
(e""= 1)X, + oF 4 1 
xt = 2e°x; 
- (eos 1)X, + oe | 


Takino the order 1 coefficient of the asymptotic expansion of 
the 4 for t = 0, we find that the infinitesmal generator 

: 2 

- ry = = ot = = a 
of Hy is €(X) (1 Kos XQXyreees XX) WS (Ook 
which proves all our claims, since V n*0 is the projection 
S 

. ¢h vd = 
on Ts of ‘apnt1 Xp = Vv. 
2. Remark. The above computation can be used to give other 
such examples. Namely, take the translation group 


Tp ix fee (x, + t,X57--X,) - Then the infinitesimal cenerator 


of the one parameter group cont. Ss is 
a im 
n(X) = (x, X4 X71 Xo Xie XiXoreees X,X,) 
Tt can be written n= vet + n' , where 7 '!(X) = (X,4-Xq 70... ,0) 


iceameliing veetor field. There 1s only one fixed point for 


Ty, , the north pole,and the other orbits are circles through 


Pp. 


3. Corollary. The Lie algebra of the Moebius group admits the 


vector space decomposition ¢ ® K, where Kk Hel jel Ios eileelsie! 
of Killing vector fields of the sphere, and ¢ the vector space 
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of gradients of linear forms. 


Proof. We only have to check the dimensions. But 


toe) Ail Je) 


ce (| 4p 5 2 


For a more detailed description of the Lie algebra structure, 
see Kobayashi [Ko], ch. IV. For a nice application of these 
properties to the Nirenberg problem, see Bourguigneén-Ezin 


PBe rls 


4, Definition. Let (M,c) be a manifold equipped with a 
conformal structure. A closed sub-group G of C(M,c) is said 
to be inessential if there is a metric g defining c such 
that Gc i1(M,g). We shall say that G is essential 1f 1t is 


not inessential. 


So lWerelmjelsis  al)) Snlig(erS IU (inte) LS} COMMONS Wwaatye Mil aS 
compact, a non-compact closed group of conformal transformations 
of a compact manifold will always be essential. The group 


Hy and T, of the last paragraph give such examples. 


ii) On M = R"- {0}, the homothety group x —> Pee 8S 
inessential: it is an isometry group for the metric 
a deo 


1 
5 Gyn ple ee 
r2°R rt gh 1 


The converse of i) is true. Namely 
6. Proposition. A compact subgroup of C(M,c) is inessential. 
Proof. Represent c by a Riemannian metric a, and take 


a= le y*g dy (dy is the Haar measure on G). Then it can 
be checked that GcI(M,g). 


We can develop the same notions for vector fields. 


a7 


7. Definition. A vector field x on (M,c) is conformal 
(some people say Killing-conformal) if its local flow is 
conformal. (We do not suppose that xX is complete). 


If g is a metric representing c, and if Or is the 
local flow of X, differentiating Fg = ag , we get 
Lg : 
one-form xX” associated with xX, taking traces we see that 


= fg. Since Lyg is twice the covariant derivative of the 


div X. So X is conformal if and only if 
i 2 : : 
a ees = 0. 
8. Example. Let €= Vf be the vector field of proposition B.1. 
Then 


beg = 2Dat = -2(A£)9 = -2fg, 


¢ 


Since f£ is a first order spherical harmonic. 


See bvectimMterTon. A Contormal vector field on  (M,¢)) as 
ticocenelcdim— it COL a Suitablesmetric representing cy, at 
pecomessa Killing vector frelid. Lt 1s essentval 1f£ lt is not 


inessential. 


10. Example. We have just seen two types of essential vector 
fields on the sphere. It turns out that all of them belong to 


one of these types. ‘ihe proof relies on the 


11. Lemma. Let xX be an essential conformal vector field on 


(Meg) chen’ K admits a zero. 


Proof. Suppose that X + 0 everywhere, and take g = Ae 
= =a ’ 


Then 
a 1 ( (X_. g(%,X)) ) 
— L a git ish EAS 
px? i un mee g(x,x) % 
On one hand, Lyg = = £ (div X)g, since X is conformal. On the 


CeIn menOrEanuaveceor Lleldy x, 


X . g(X,X) = 2(D,X,X) = (Lyg) (X,X) 
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(div X)q(X,X), using conformality 


SOmeliare Kg GEE 728) 
again. Therefore Ly 


Oo 3|N 


Q| 
{I 


12. Theorem. Let X be an essential conformal vector field 


on the standard sphere, and £. the one parameter group it 


generates. Then either X has exactly one fixed point Por 


and for any other point 7am £, (p) = Po? OF Xe hasmexacuiny 
two fixed points p, and p_, and for any other point p, 
jim, fi. (p) =p, » im f, (p) =p. 


Proof. Using the lemma, X has at least a fixed point p. 
Using a stereographic projection with pole p, one gets a one 
parameter group of conformal transformations of Roy i.e. a 
one parameter group of similarities (cf. ch. I). By a Cauchy 
type argument, any non isometric similarity has a unique fixed 


point, so there are two possibilities: 


a) either f, Gives rise to an isometry group of Ee 

Then this group has no fixed point on R” (otherwise it would 
be compact),and X would not be essential. (Proposition B.6). 
This is our first case. 


I) One ft. contains a non-isometric similarity. Since the group 


ft, is commutative, it is a one parameter group of similarities 
having a common fixed point q. There is no other fixed point, 
otherwise ft. would reduce to the identity. This is our second 


case, p_ is the stereographic projection of q and p = Py: 


Remark. This proof is different from Obata's (cf. [01]), who 


uses the Lie algebra structure of the conformal group. 


We shall also need the following "infinitesimal version" of 


Liouville theorem. 


UD PicoyooOSWieLoM « Let ucs™ an Open set, and X a conformal 


vector field on U. If n>2, X ais the restriction to U of a 


conformal vector field on s” 
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Proof. We can apply Liouville's theorem to the local flow of 
Re 


Remark. A byproduct of this result is that every conformal 
vector field on s” is complete. This is false for other 


constant curvature spaces. For example, the vector field 
2 


X(x) = Ixl e, ~- <e;,x?x is not complete on mR" . Indeed, its 
flow is Io T, o I, where Ty is the group of translations 

x > x+te, and I(x) = aS : it is not globally defined 

n ’ 
one ORe On sige such,examples are still easier to get: in the 
; P mclexe: i él 
Pp ee = ——_ 
oincare model (7>y72yz-, take X(x) ye rere 


C. The conformal flatness 


Before we begin with the proof itself, let us collect some 


basic facts about conformal and isometry groups. 


Evene ie C({M,q) 1s a Lie group. If M* CGM is an open subset 
of M which is invariant under C(M,g), then C(M,q) acts 
effectively on [M', ae, as a closed subgroup of ral ae 
See [Ko], ch.1, for the first part, and [02] for the second 


(re prove it directly, by using the conformal frames of ch. I). 


Fact 2. A closed subgroup of I(M,g) is compact if and only 
if there is a point pé€M such that the orbit through p is 


Gonpace Lh eseeswan cxeremse On General topology: 


Fact 3. (Montgomery and Zippin, [M-Z]). Any non-compact 
connected Lie group contains a closed one parameter subgroup 


isomorphic to R. 


The first step of the proof is purely Riemannian. 


1. Theorem. Let (M,g) be a compact Riemannian manifold such 
that the group Cy (M,g) is essential. Then (M,g) is con= 


formally flat. 
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Proof. Suppose first dim M2 4, Let N = {p € M,W, + 6), Ekexel 
ene No a connected component of N. It is again an open set. 
By fact 1 and connectedness, Cy (M,g) is a closed subgroup of 
Cy (Ngrg)- Now, we have Co (N,g) = Ty (Ng+9) for the metric 

G= valw,W) og, Uusime ch. ii eC eo 


Now, using fact 3, Cy (My g) contains ~a closed one parameter 
subgroup G isomorphic to R, generated by an (essential) 
conformal vector field X. The group G is also closed in 
Cy (Nord) = Ig (Nord), therefore, using fact 2, the orbit G(p) 
of each point of No is non-compact. In particular, xX is 


nowhere zero on No: 


Conside>n |i = X © X9o Xo Xo We lt is) al (G>amvaeiami 
tensor, as a tensor product of G-invariant tensors. Since it is 


of type (4,4), ||T|| is also G-invariant. 


Let pec Nos and q € €(p) (adherence of the orbit of p 


in M). As |jT|| is a non zero constant on G(p), [IT Il, + On 


Moevssersnctonas ej IE Nor and since G(p) is closed in N 


0 , 
q € G(p). So G(p) is closed in M, which is compact: G(p) 
US CcOmpacc, aCconteradiction., co No is empty, and W = 0. 


LienmuS mehem Weyl sChoOurenmeneorsemmn(C femal ymnCr9)) 


The same proof works in dimension 3, with minor changes. 
Tf h is the Schouten tensor, a tedious but straightforward 
computation proves that aPh is conformally invariant. In the 
first part of the proof, take g = fo(a’h, donnie. ae in the 
SiSCONG I clita mee ct me meen OO XG XCD aPh. The same argument proves 
that aPh = (0), 


D. Last step of the proof: using the developing map. 


1. Theorem. Let (M,g) be a conformally flat manifold such 
that Cy (M,g) is essential. Then (M,g) is globally conformal 
to the standard sphere or to s” - (Bae = 


2. Lemma. Let (M,g) be a Riemannian manifold (M,g) a 
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Riemannian covering and p:M —M _ the projection. Then 


Cy (M,g) acts on M as a closed subgroup of Cy (Mg). 
Furthermore, any closed one parameter group G which is 


essential on M is essential on M. 


Proof. The first part comes from the covering homotopy theorem, 
and the closedness claim from the fact that in the conformal 


group, convergence can be read on the conformal frames, cf. [02]. 


Let GoC) (M,g) be a closed essential one parameter group. 
By lemma B.11, G has a fixed point p, and any point p 
lying over p is a fixed point for G acting on M. If G 
were not essential on M , it would be contained in the 
isotropy group of p for some metric, and consequently would 


be compact, a contradiction. 


Proof of the theorem. Let 6:M—>s"” a developing map. 
The main point (which seems to be omitted in [02]) is to 
prove that 46 is one-one. 

Let X be an essential vector field on M. 
Claim 1. This vector field is projectable on Soe Indeed, 
since 6 is a local diffeomorphism, there is an open set U 
and M and a conformal vector field Y on 6(U) such that 
aa - Y On U. Now, Y extends itself to a conformal vector 
field on s”™ (cf. B.13), still denoted by Y. Since everything 
Peranaiyrac (ch. I), we still have 6,X = Y on M. 


@laim 2. s(M) =S° or s”™-{p}. Y is essential on (My, 


a fortiori on s”™ , and its flow must leave 6(M) stable. 


Then our claim comes from theorem B.12. 


@laim 3. 6 is injective. (This argument is due to U. Pinkall) 
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Using the orbit structure of the group generated by Y, we 

can construct backwards a conformal map © of 6(M) into ™M. 
There are two cases to consider. a) If 6(M) = ce o(s”) is 

an open and closed set of M. Therefore M = o(s”) is compact, 


and 6 is a diffeomorphism. 


b) If 6(M) = Ss” - {p} = in » is still.surjective. Otherwise, 


taking the developing map in the neighbourhood of a boundary 
point q of (M), we can extend © across q, a contradiction. 
The map 609 is an everywhere defined conformal map of R” : 
it is a global similarity, and therefore a diffeomorphism. Since 
p is surjective, 6 is injective. Therefore, M is conformally 
covered by s™ or gs” 


vector field we started with. The fixed points of xX on M 


~ {p}. Let xX be the essential conformal 


must cover the fixed points of X on M. So we have a covering 
of order two at most, and s" - {p} is ruled out. We cannot have 
acoveri ng ot Onder scwo by s" either: in that case the vector 
field xX on Ss" should have two fixed points, but since one 

of them is attractive and the other repulsive, they cannot 


be identified when going to the quotient. Therefore M = sre 


o 


[B-E] 
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This contribution is concerned with the following question 
which has already been studied by H.W. Brinkmann [Br 2] in 1925: 
"When can an Einstein space be mapped conformally on some (possibly 
different) Einstein space and in how many ways can it be so mapped?" 
Brinkmann was able to answer this question completely in terms of 
local coordinates. The discussion of the corresponding global prob- 
lem began much later, and it seems that so far no complete answer 
to the following question has been given (not even in A. Besse's 
new book [Be]): 

When can a complete Einstein space be mapped conformally on 


some (possibly non-complete) Einstein space? 


Answers have been given under the assumption that both spaces 


are complete (see N.H. Kuiper [Kui 2], K. Yano and T. Nagano [Y-N] 
and R. Kulkarni [Kul]), and some generalizations have been obtained 
for spaces with parallel Ricci tensor or only with constant scalar 
curvature and additional restrictions. On the other hand it seems 
that Brinkmann's results have been forgotten for a while and par- 
tially reinvented by several authors. Moreover it even happened 
that theorems have been published which contradict Brinkmann's 
results, and independently incorrect answers to the question above 
have been given (see our discussion of the "standard wrong theo- 


rems" at the end of this paper). 
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For this and other reasons we started to work out alll the cal 
culations from the very beginning and to write down these essen- 
tially self-contained notes. Our answer to the question above will 
be given in theorem 27 , and the relations with the various results 
in various papers will be discussed. We will Gestrict ors ove Smee 


the case of Riemannian manifolds with positive definite metric. 


A. Basic formulas 


Let (M",g) be a Riemannian manifold of dimension n , 


VY the Levi-Civita-connection and 


R(X,Y)Z = VyVy4 = VyVy4 = Vig vic 

the curvature tensor. We write also <X,Y> instead of g(X,Y) aL se 
this is convenient. The Ricci tensor trace(X >» R(X,Y)Z) is de- 
noted by Ric(Y,2) , and the normalized scalar curvature by 

op = —aiaytrace Ric . The trace itself is non-normalized such that 
trace g =n . An Einstein space is a Riemannian manifold of dimen- 
Sone nn 293) Such chat the Rucci tensom as va mune ple wo fete mmeiciaer 
PEO Ow sm tics 


and that p is constant. 


We will consider conformal transformations of the metric 
- _=—2 : ; 
g :=e Peg with a function » : M> IR. This leads to a Riemann- 
ian manifold (M,g) for which all the quantities above are denoted 


Byeeey ; Bu, Ric » Gaetcs 


It turns out that our problem mentioned in the introduction 


leads to a simple differential equation for the function w := e®? . 


The gradient of wy is denoted by VW , the Hessian form by veh 
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We will also use the Hessian 1-1-tensor H defined by 


v 


sire = Vy (VY) 


: : é 2 
which implies V'wp(xX,Y) = C7, (TH) »¥) - The Laplacian Ay of y is 
the trace of et 


1. DWemia. For g and g = a g , w= e° we have the equations: 


iy Veve= Vay = ((X0)¥ + (Yo) x = <xeyS Vo) 


di) R(X,Y)Z 


Rex Y) 2. = [<x,Z>H ¥ eae a 


+ | v7o(x,2) + (Ym) (Zp) - <Y,Z> Ivot? |x - 
ee 2 
- ih O(X,Z) + (Xp) (Zp) - <xX,Z> I Vell ih + 
+ | (xe) <Y, 2> Yo) <x, >| - Vo 
4ii) Rie = Ric + (Ay - (n-2)ivol?) - g + = enh 
2 
= - I Vull 
iv) vw? 5 = +2 ao - 2 Ivol? = +24) _ yt 
v 
Proof. i) and ii) are standard formulas. They may be found in 


[Be] or in Lafontaine's contribution [La 2] in this volume. 


iii) By a straight forward calculation ii) implies 


Ric(Y,Z) + (Ao - (n-2)I vol?) <y¥,z> 


Ric(Y,Z) 
+ (n-2) (V7o(¥,Z) + (¥@) (Z9)) 
The relation 
ve%(v,2) = eP%(V7o(¥,Z) + (Yo) (Z0)) 


suggests to .use vv instead of v~o 


IM rOMlOWSmirone itd) by taking msche trace. 
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The problem to be discussed is the following: 


Assume that (M,g) is an Einstein space. Under which eS 
tions there exists a function ww :M-> IR- such that (M,g = yp -g) 


ais Gilat Ell WuiMSicSiin Soe 


. Lemma (Brinkmann [Br 2]). Let (M,g) be Banstein, 


2 
G§= wv “g . Then the following conditions are equivalent: 


i) “(M,g) (is Binstein, 
ii) there exists a function » :M-> IR with vy = A-g 
iii) vey = Steg 


’ 


iv) there exists a constant B_ such that vw = (-p-p+B)-g 
Each of these conditions implies: 
v) there are constants B,C such that 
Nvyl? = -py? + 2By + 
PEOOL. i) # ii) follows directly from lemma 1 iii) . 
ital) G> abist)) giayel ain) Ss alSl)) Ghes terehivaleui a 
i) = iv) Assume a = h-g or equivalently A = h}-id then we 
conclude the so-called Ricci-indentity 
R(X,Y) Vw = Vy (HyY) - Vy (HX) = Hy (x, ¥] 
= Vy OY) - Vy (AX) = XY = OVS oe 
2 cee 1 LB 
Gevtoliows: 9. (Yu) = 9-<vY vis = qupRic(¥,Vy) = ai e <R(E, ,Y¥) Vp,E,> 
n 
= not 7, (yA SVE > SA) = = 
i=1 
where Eqr-+- rE, is an ON basis. 
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Consequently Y(opy + A) is zero for all Y , hence B:=pwW+aA 


is locally constant. 
iv) = v) We calculate the derivative of the function 


2 é , 
IVpl~ + oy — 2B 8AM anvarbitrary direction X  . 
Lvpl? i> = =27? = 
Vivyl + 6 Vy 2B VW =27°y(X,VY) + 20 v(x) - 2B(xy) =O . 
The last equality holds because (iv) just says that 


Toes) = (ow + B) (xy). 


3h g Proposition. Let (M,g) be a space of constant sectional cur= 


vature K and dimension n2>3 and w»:M-i&iIR a function, 


Then the following conditions are equivalent: 


i) (M,g) isa Space of constant) sectional curvature K , 
ii) (M,g) is Einstein, 


Cin er @ — by A 
lii) Vwe= ak 


iv) vy = (-Ky + B)-g for a constant B . 


Each condition implies that K,K satisfy K=y-K+=-yAy-l ull , 


In the case n= 2 i) # iii) # iv) is true (compare prop. 4 ). 


Proof. By assumption K = 9 is constant. 

i) = ii) is trivial, and ii) # iii) # iv) hold by lemma 2 

It remains to show iii) # i) .Let o the 2-plane spanned by 
two vectors X,Y which are orthonormal with respect to g . 


Let K denote the sectional curvature of o in (M,g) - 


i} 


Then 1(ii) implies w* K,= <R(x,¥)¥,x> 


2 


tl 


2 
K+V2@ (YY) +720 (XX) + (Yp) 7+ (Xp) 7-1 Vol 
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Therefore K, is a function on M not depending on o . By 


Schur's theorem K is constant. 


4 Proposition. Let (M,g) be of constant scalar curvature 
é F Z Ay ; 
and y»~:M-+>IR be a function satisfying Vy = 7g - Then i) 


and ii) are equivalent. 


49 (M,y 7g) has constant scalar curvature, 
ii) there is a constant B’ suchthat "Ay = —n-p-) 78 


= - -2 : 
Proof. For the scalar curvature p of g=wy“g we have 1(iv) 


Z 


ee ae peare ae V2) 2 42 5 2 ee 
p= v7 (o + 2a@ - 22 tvol*) = y%p + 2y-ay - Howl .. 


It follows that for arbitrary X 


X(5) = 2p w(xy) + S(xy) ay + Sy x(ay) - 2v7y(x, Vy) 


1 
2») 0 (xy) ae x Cap) | : 
Consequently the constancy of 9 is equivalent to the constancy 
of now + Ap 


C. Concircular mappings 


A concircular mapping is a conformal transformation preserving 
geodesic circles (for a definition see below). This is a priori not 
related with our problem concerning conformal transformations bet- 
ween Einstein spaces. On the other hand a posteriori it turns out 
to be the same problem because the corresponding differential 
equation is exactly the same. The concept of concircular Mappings 
has been introduced by K. Yano [Y 1] and independently by A. Fial- 


kow [Fi] in the more general context of "conformal geodesics". 


Let c: [0,L] ~ (M,g) be a smooth curve, parametrized by arc 
length. We denote its derivatives by ¢, @ = Vet) eS V Vee etc. 


If these derivatives are linearly independent we can define the 


aa 


Frenet frame Cy re ee rey and the geodesic Frenet curvatures 


KyreeerK,_, in the usual way: 


ey = K,& 

e, 7K 424-4 iS 2oocogltI 5 

¢ is called geodesic if K, = O , and it is called a geodesic 
Gircle it Ky is constant and Ky = O (a geodesic is also a geo- 
Gaesie circle). Lf K, #0 for such a geodesic circle then we have 
the beginning e175 of the Frenet frame. Ko = O then means that 
e, lies in the (e,,e,)-plane. In the following we write « in- 
stead of Ky - 


Examples of geodesic circles are small circles on the sphere. 
It is not required that a geodesic circle is a closed curve. It 


might be something like a spiral even if the length is infinite. 


A diffeomorphism f£ : (M,g) > (M,g) between two Riemannian 
manifolds is called concircular if it maps geodesic circles in M 
to geodesic circles in M . The original definition by K. Yano 
[Y 1] required a priori that f£ is conformal. We will see in 7 


below that f£ is indeed necessarily conformal. 


5. Lemma (Yano [Y 1]): ¢ is a geodesic circle if and only if ¢ 


is a scalar multiple,of ¢ . In this case necessarily ‘c=-<¢,c>-c. 


Proof. If c is a gecdesic circle then « is a constant and the 


Frenet equations read as 


il 

ra 

@ 
N 


c= & 


C55 aes 
oe . 2 
Ze follows c = (ke5) =-K*c . 


Vice versa in general 


@= (é) = Ke, + Ke, = -K e, + Ke 


12 


If ¢ is amultiple of @, =“c CHemiGc = Gig, and. Kine , 


i.e. ESOS bauer 


If c= c(t) is parametrized by an arbitrary parameter, we 


denote its derivatives by c' , c" = Varc! aC Teves S Gislek, 


Regarding c = c(s(t)) we obtain the following relations: 


c — le'l.c 
' ”" 
ie Sper ge eee So ee 
lc? ll 
' tt t 
aie lot? oe op Sec! c'se + (<2?) ace 


io Copetoliilerasy. Gis a geodesic circle if and only if 
c= 3 ees e" is a multiple of ¢'’—lersor ve sie 


Proof. The equation above imply directly 


Zz 
(Hy 3 Cue Ci fail 3xc'sc"> A 


e ne let ls Ge © 2 Bey pe Se 
‘4 : B vn Pee eee P 
= lle’ le cieuiic Coe: 
Hence c is a multiple of c¢ if and only if 
Cue 3 ie ec" is a multiple of ¢ 
loll 
7. Corollary (Vogel [Vo 1]). Every concircular diffeomorphism is 


MSCOSS erally Commuconaniert - 


Proof. Without loss of generality we consider a curve UG) shia) 
M endowed with two metrics g,g where s is the arc length with 
respect to g . For g this parameter s is not distinguished 


and therefore we have to compare the various derivatives: 


Cy Gay ere 
é 


The first observati i os = 9.4 a 
ation as that c Co VieCes Vac is a ten- 


sor, i.e. its value at a point depends only on ¢ at this point 


iS 


Let us fix a point p € M and two orthonormal vectors X,Y at 
p . There exists a family enw Kk > O of geodesic circles c 


through p with respect to g such that « is the constant 
curvature of oe and 


K 


i 
* 
tt 


It follows that ce = c. is bounded independently of « , 
1 " — 


ice. lim —c lim uf G¢), =yY 
K K ! 


Similarly c™ - C. s bounded by a constant times xk , 


i.e. lim =e (ein 
K | 


K-00 K Pp K-00 K 


where the last equality follows from lemma 5 . c is a multiple 
of c. and lemma 6 tells us that 


we cmaceaee W 
c ae a) cr 
Pie’ ct!) 
K K 
is also a multiple of C where eal a aa 
Pp 
On the other hand 
Stee.) 
lim — (é - cl + 3 —_ “on 
ak : qc Cc) P 
K Gc dle 
gters oe 1 
= RE H  —— oaa cy ) os on — ae Cre 
K-70 K K70 g(c',c!) p 
= o7 3 23 yy 
Ck, %) 
which is impossible unless g (X,Y) =O . Because p,X,Y have been 


arbitrary it follows that the transformation g > g preserves 


orthogonality and is therefore conformal. 


; = =2 , 
8. Proposition. A conformal transformation g>g=-wp -g iS 


concircular if and only if theme me) a scalar function } satisfy- 
ing v4 ing eiierollovceiimcits Case that neA = Ap .« 
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Proof. The transformation g ” G dseconcircular eile and only if 


for any curve parametrized by g-arclength the following conditions 


are equivalent: 


(i) € is a multiple of ¢ 
Cay ov 3 Ge eo) Ch ig a multiple of ice 
Si(es,c ) 


We calculate c" and c™ in terms of ¢,¢,¢ using lemma 1 


and the notation y = a 


€=¢- 2c + Vo 


= 6 a ee: 2) " x '¢ . : 
aVee=e- 39 e+ (40 - 35 + V9 (é, 2) + [Vol )-¢ - 20Vp + V.Vo, 
Therefore the following equation holds with a certain scalar fac- 


tor a 5 
Coes ee ae, Bl = gi aS g(c,c") a 
Bee) g(¢,¢) 


oon 


= € - 39 € - 2079 + VzVo + 3p(¢ + Vm) + ac 


I 
a3 


+ Ve + Ve Wa) Se ac * 


Thus if (i) and (ii) are equivalent then 


1 : 
— V: = Vs 
v VaVy o Vo + Vivo 


must be a multiple of c¢ and vice versa. Because there are geo- 


desic circles with arbitrarily given tangent xX = ¢ it follows 
Vy Vp = A(X) -X 
for all tangent vectors xX . For a fixed point the expression 


Vy Vw is linear in X and therefore ) depends only on the 


point and not on X . Regarding } :M-+> IR asa function we have 


1S 


Vy Vy = A-X or equivalently vy = hg oe 


9. Corollary. For a conformal transformation which maps geodesics 
to geodesics the conformal factor is constant (such Maps are called 


homotheties). 


Proof. By assumption Tee =O and Ve eo] 0 sare equivalent where 
° ¢ is the unit tangent with respect to 9 . As in the proof 


of 8 we calculate 


N 


ef to e? c + 6? Vee) 


aig et G = 2% ¢ foe). . 


ae both are zero then 
ce 


<_ | 


If ec and 
<c, Vo>c = Pate = Vo 


for an arbitrary vector X = c which is impossible unless Vy = O. 


(Os GConolliemyei¥vaae [Y iki. Get (rg) be van Binstein space lor 
-2 


space of constant sectional euevatunelliand ¢g + g = w qd) Vaconmor= 
mal transformation. Then (i) and (ii) are equivalent: 


(aL) (M,g) is an Einstein space lor spate,of constant sectional 


curvature J 


(ii) The transformation g ~+g is concircular. 


Gis toliews directly from 2,3 and 8 


M. Localvsolutionssof thewdifferential.equation me Sed: 


In section B and C we have seen how the differential equa- 
tion comes in which requires that ha is a multiple of the metric. 


Because every constant function is a trivial solution we will 
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assume in the following that (M,g) admits a (locally) non-con- 


stant function ww: M—- dR satisfying 
2 Aw 
* = ae 4 . 
Ce) Vow rae) 
It turns out that the geometry of such a manifold is of parti- 


cularly simple type. Immediate consequences of (*) are the fol- 


lowing observations: 


11. Lemma. Let U €M_ be an open set without critical points of 
ase panel ae + Q for all p€U . Then the following holds: 


(i) the trajections of VY are geodesics (up to parameurizar 
tion) 
(ii) the level hypersurfaces of w are totally umbilical, 
(iii) Vl is constant along the levels of WwW . 
(iv) there exists a function a of w such that VAp = avy , 


(vy) the sectronal curvature of every plane contemmangq. )) seus 


Cae 
n 


Proof. The unit normal of a level hypersurface {x € M|p(x) = c} 


is N= Tat - Then the differential equation vu =A+-g reads 


as follows: 
Vy (Vb) = A*X 


eae ees. _ <,Ww> 
or VyN = Tyr (xX Zia 


for an arbitrary tangent vector xX in M 


(i): For X =N _ we get VyN = 0 


(ii) For X orthogonal to N we compute the shape operator 


ss = » ‘ ‘ 
LX = ~V,N ="Tyyn - Thus L isa muileiple of the identity. 


(iii) For X orthogonal to N we calculate 
2 A 
Vylvyl* = 2<V Vy, Vy> = 2eu <X,VU> =O . 


(iv) The Ricci identity (see the proof of 2.) implies 
O=<R(X,V) Vy, V¥>= (XA) FV? = ((V)A)-<X,VW> | therefore 


(v) 


V2 5 


ny. 


XA =O for all X orthogonal to Vw . It follows that 
Ay is constant along the levels of w , and therefore 
tne gradients of wy and Ay are linearly dependent. The 
scalar factor a in VA = aVW is constant along the 
levels. Hence a may be regarded as a function of wW 

Let <X,Vw> O and !xl = 1  . Then the Ricci identity 


i 


implies 


K = <RUX, VY) VY X> _ _ <Vp,VA>  _ 


(Gh 
<VU,Vu> ~  <Vv,Vy> — oon 


In particular this "radial curvature" does not depend on X. 


Lemma (Brinkmann [Br 2] , Fialkow [Fi], Tashiro [T 3]): 


The following conditions are equivalent: 


er) 


eka) 


(ii) 
2 


ds" = 


There exists a nonconstant solution y of vu = Mig ina 
neighborhood of p€M with ae + O 

There exist local coordinates (u,u,,...,u,_,) in _a neigh- 
borhood of p anda function wy = p(u) with ee + O- and 


a (n-1)-dimensional Riemannian metric g, = Gx (Uy 7 +++ eU 4) 
such that 


(23) Haan 
S\ dul du / = I 
a(x. 5) : for i= 1, ---,n-1 
aL 
Gee SOP en 2 (ee B04 oe 7 
4\9u,"Ou5)- ne (a) ) 9*\3u; 'Bu,/ ie@fe ak, 3 / mn 


implies that the line element of g may be written as 
du’ + (yw'n) “edee . Such a metric is also called warped 


product, and g, is the metric on an ideal level of yp 


Proof. 


(ii) =» (i) follows by straight forward calculation. 


: ; 2) 
u is the arc length parameter on the trajectories of Vip = psa 


where we write 2 


Then the claim is ret = yp" -g 
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= (ys Soe 
a) Vy W=V, (¥' 3g) =" 3a 
ou du 
> ses fp le, Pee ne 
bak vv % 2.) = OV onan du, 
dug dug Ouy 


For the last equality one has to calculate certain Chisistonrerl 


symbols. 


(i) = (41) Let ¢ z= %(p) and let M. = {q|v(q) = cl - M, isa 


regular level hypersurface of yw . Choose any coordinate system 


Uyeeser,U,_, On Me and extend this to geodesic parallel coordi- 
nates (U,U,,e0e Uy in a neighborhood of p in M _ . These 
have the properties 

- the u-lines are geodesics with u as are length. 

- 2 is orthogonal to every set {ay yy eee Wu = const. } 
expressing the fact that the different u-levels are parallel to 
each other and that the distance between them is just the differ- 


ence of the u-values. 


On the other hand we have the yj-levels {glw(q) = const.} 
where the u-level containing p agrees by construction with the 
y-level Me Because IVw~ll is constant along the y-levels 
(see 11.(iii)) these are also parallel to each other. Hence the 
u-levels coincide with the y-levels and w may be regarded as a 


1ewbe(eieulfeya be il 8 


y= wu) and Vy = yy! S 


In these geodesic parallel coordinates (U,U,,---,U,_4) we have 


Wau," da) = ie @ue i= le -.,;n-1 é 
It remains tu show that 
(wW' (u)) Jig (UsUy,-.-,U, 4) 


iS independent of u Then we can introduce this expression as 
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F445 gree yy) and the assertion follows. 


To see this we differentiate 


au) a4 ee 5 9 
i sar505) a om a) 
ou, dus 
a A ee oe vy 
cm yr 3a) cre ae ” 
ou; du. 
— 2dy 
~ They! Si 
pe). 
op 235 


where the last equalities follow from the equation (*) 


= g..(u) satisfies 


= : 
Therefore for fixed Uqeeee Uy 345 Ae 


the differential equation 


ie sa 
Si re ay Si 

944 ' g;4' y" 
or equivalently (3) ee Gian = (0) 

! ee Ae “als 

v v v 
Remark. (i) For surfaces (n= 2) condition (ii) in 12. just 
says that M is locally isometric with an (abstract) surface of 
revolution ds* = du? + G* (u) dv" 


(ii) Note that we may prescribe the metric g, on the ideal 
~-level arbitrarily. Any such g, will lead to a solution of (*). 
This indicates that in general there is no finite dimensional modu- 
li space for the set of solutions. This is quite different if we 
are looking for global solutions or if the solution has a critical 


point (see below). 


13. Lemma. For the warped product metric ds* = du’ + (p" (u))*as2 
there hold the following egualities where X,Y,Z always denote 


vectors orthogonal to = 


(i) 


Ci) 


(alaist), 


(iv) 


Proof. 


faces 


is Einstein [of constant sectional curvature] 


120 


\ 
R(X,Y)2 = Ry (X,Y) 4a, (<v,2>x SK, 2% | 


ce 
No] bo 


R(x,Y)2 = 0 
du 


ia DB 
Ea) Ga 
Ric(Y,Z) = pig (Ric (¥,2) ~- [ (n-2) pw"? + w'w'1<¥,2>) 
Ric(¥, 2 = {0} 
ric(2- ee ea 

du ’ du/ w' 

es ze 2 boy, 

pit. = nié aS mae yr nv’¥ 


g is Einstein [of constant sectional curvature] # g, 
0G le ON Oadiig ve 


(if M 


constant Gauss curvature" 


3-dimensional then one has to read: is of 


bo 


is bats 3 


is Einstein"). 


instead of 


In particular in this case wp 
vy" = -p) + B 


satisfies the equation 


for some constant B€ IR : 


(i) 


We use the Gauss equation for the level hypersur- 


Ue CONS te Fh eko Mame nl Pa Gr : 
_ mo 

Vy¥ = Vay¥ + <DX,Y> 3h 
= Vex® a 33 <X,Y>-Vy ° 


This implies 


The first assertion follows directly from 


second 


lemma 


= VeyVay2 - ae <¥,Z>V,V - Gig (<1 VyZ> + X<¥,Z>) VU . 


VV) = "xX. 


Ol 
and vey ers 
du 


For the 


and third one we use JV 0 from 


el 


Q = — 
eee om LX 


and the Codazzi equation. 
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(ii) and (iii) follow from (i) by taking the trace. 

(iv) follows directly from (ii). for the Einstein case and from 
(i) for the constant curvature case. The condition op = - = or 
equivalently y" = -p) + B recovers the same equation from 2(iv). 
This time it follows from the warped product metric instead of the 


conformal transformation. 


14. Corollary. Let (M,9) be. an Einstein space of scalar curva- 
Herc 86C6hCU, ee ict «6pee MM €Ubewawtegullar point of a function y sat- 
' 2 aa : ; 

shying ~~“) a= aie - Then in a neighborhood of p there are co- 


ordinates (a,U,,---,U,_,4) such that y= w(u) and yp" = -p-p + B, 
B being a constant. 
Dims follows  imeme 25 amd 12. (eempare 13 (av)). 


Such a function yw is called a scalar SC-field in [T 4] . 


id. Gexollasy. A  4-dimensional Einmsteineyspace admitting a non- 


econetant solatden w of (*) @dssef constant sectional curvature. 


Proof. By assumption there is a point p with WI + 0 . Then 
igemancd ioa(i7) amply “thet the metric g on the ideal level is 
a 3-dimensional Einstein space, hence of constant sectional curva- 


ture. Again 13{iv) implies the assertion. 


16. Comollamy. A. 4=damensiional Einstein space admitting a_non- 


homothetic conformal (or concircular) mapping onto another Einstein 
space is of constant sectional curvature. 


This follows directly from 2., 10. and 15. 


The situation is quite different near a critical point of a solu- 
weer dh Ce (G4) . The origin of the following two lemmata is 
somewhat mysterious. Lemma 16 appears already in [i=v)). Then; in 
a footnote [T 3] p. 255 it is said that the proof "was not exact 


in some point". We found a complete proof in [T 4] p. 15ff. 
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17. Lemma (Tashixo [T 4]2.1): Bee pe ™ bem eritical poine) of 
: : 2 
a non-constant function y satisfying Vy = Abig o ANaSia Were 


exists a neighborhood U of p such that 


(4) p in the only critical pointer) yea =. 
(ii) the level hypersurfaces of ww coincide in U with the geo- 


desic distance spheres around p . In particular the aes eal 
cal points of y are isolated. 


Proof. We choose a critical points p as a boundary point of the 

set of critical points in M . Then every neighborhood of p will 
contain also regular points. We choose U_ such that every point 

in U has a unique and shortest geodesic joining it with p . Let 
q€U bea regular point of yp such that the geodesic joining p 
and q contains no critical point (except p J. from Tietti aja 
know that w(p) # w(q) . The level set A := {q € U|W(q) = wW(q) } 


contains a point ce realizing the distance 


S,.°= d(p,q,) = d(p,A) > 0 . 


Let Xe denote the geodesic joining p and Io -: This realizes 
the distance between a) =p and Y¥o'Se) = Caine By the Gauss 
lemma ne meets A perpendicularly. Consequently by 11. (i) ve 
is the same curve (up to parametrization) as the trajectory of Vw 


through Ig - 


Any other point q, € A yields similarly a geodesic trajecto- 
ry Y, of Vip. Let ¥7 Se) = q, + Then the claim is that 
¥, (0) =p . To see this let qu and da (3) denote the distance 
function in M andthe level A(s) corresponding to the parame- 
ter s , Yespectively. Then for any s > 0 


dy (¥g(8) +7, (ell = ay ey (52) ee 


p'(s) 
vis) “A (go) \ot eee 


For the last equality we used the warped product metric according 
to lemma 12. 


123 


ie iollows 


Ay CY, (0) -¥4 (0)) 


lt 


lim qu (y 9 (8) +¥4 (s)) 


$70 
Z y' (s) 
ae v'(s, y Fg (¥o(SQ) r¥y (8Q)) 
= 0 
Therefore ¥, (0) = ¥5 69) =p , and A is contained in the geo- 
desic distance sphere with radius Sg, around p_. On the other 


hand it follows that the are length parameter on the trajectories 
is just the geodesic distance to p . Therefore p is the only 
critical point in U , and the j-levels coincide there with the 
geodesic distance spheres around p 


18. Lemma (Tashiro [T 4]2.2). The following conditions are equi- 
valent: 


(i) There exists a monconstant solution y~ of real = BY g in 


n —— 
a neighborhood of p€M with es = 
(Ga) Theneseuipeasolar coordinates (F,U,,---U,_4) iim fl inGulejolsyoe— 
hood of p and an even function y = p(r) with y'(0) = 0 


and w"(0) #90 , such that 


ds? = ee -ds4 
Cy" (0))2 
where as’ denotes the line element of the standard unit sphere 
carer, 


Proof. (ii) » (i) follows from lemma 12 for all points except 
r= 0 . The evenness of the function yp(r) (i.e. vanishing of the 


odd derivatives y'(0),y"(0),...) implies that the right hand side 


has no proper singularity at fr One UnenebyscOntinud ty “ene 
€quation (*) holds alsoat r=0O . 

(GU) = (is) We follows wecm 125 shel 1a welavehe vis eho 
introduce locally such coordinates (L,Uqre+e V4) such that for 
me 2 (0 


ds -teeae + (wi (r))2 dae 
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where ds? is the line element of the ideal level (M,,9,) - It 


remains to show: 


a) w is an even function and y"(0) #0, . 
b) g, is of constant sectional curvature (y" (0) ) , 


Let X,Y be two orthonormal vectors in M which are tangent to 
a level hypersurface M, = {q|¥(q) =r, > 0} for sufficiently 
small ry For the sectional curvatures K, and Ke of the 


(X,¥)-plane in (M,g) and (M,,g,) satisfy (lemma 13(i)) 


K_ = g(R(X,¥)¥,X) 
2 2 
(y" (x5) 
Se IG, KI eer 
(y' (x5) 
= 1 (es i 7 
| =p (cr) 
(pr (zg)? \ ° (vt 


On the other hand we know that Ke is independent of fr 
when r tends to zero. Because w'(0) =0 ( p is a critical 
jeroubene xe GW) )} wis teoplileyys ielavere 
0 = lim (K* - (y"(r ))*) = KF = (y"(0))? 

r0 
Hence (M,,9,) is a spacé of constant curvature (y" (0)) 2 og Yblouts) 
must be positive because by 16 we may assume that M, is a geo- 
desic distance sphere in M, which is diffeomorphic to oa 


Consequently (y" (0)) 2> 0 and g, = a2 - By assump- 


i 2 
(y" (0) ) 
tion the metric g has no singularity at = 0 Setare implies 


that y(r) must be an even function and that the equation 
2 
ds? = dr? + 4 2)) as? 
(y" (0) ) 


is valid for all r > 0 just as the usual expression of the 
euclidean metric in polar coordinates. 
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toe Cond hany Let (M,g) and (M,g) be two Einstein spaces, 
ieee) 9; weanlee pecan” beta critical®poing of "yp . Then tn 
a_ neighborhood of p both spaces are of constant sectional 


curvature. 
Eaors We apply 2,3,13 (iv) and 18 


20. _Pma@pesditdion. Let (Myg);(M,g) , g = v ? g be given with 
a nonconstant function y 


Then the following conditions are equivalent: 


(i) R(X,Y¥)Z = R(X,Y)Z for all x,Y,Z , 


(ii) Ric = Ric 
2 
eee ig 2 LVwl 
(ey) Voy = ome 
(iv) g is a warped product metric, 
@s° qelaee > (py (anaes, 


and there are constants a,b,c € IR with b? - 4ac = 0 


Satisfying yu) = au de Soyil 4p fe 


Moreover each of the conditions implies that has no critical 
Peint. 1fsome of thewspaces sis Einstein then both are Rate Cr — ta Waiter. 


ByoGme (i) > (ii) ds eerivalal - 
To show (ii) » (iii) we use lemma 1 (iii) : 
2 2 
ss ivi 
Ric - Ric = (Sy _ (n - 1) yg ce (Gig) > 2), ay : 
\ ov y? v 
By assumption y # 0 and Ric = Ric , hence Vu must be a mul- 


Gipliewo: HG 


and moreover 
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(iii) = (i) can be seen by straightforward calculation using 
lemma 1(ii). Here it is convenient to write 1(ii) in terms of 


(compare [La 2]): 


Ne GP OM easel OS 


w(R(X,¥)Z - R(X,¥)Z)= - <X,2>H i 


v 


2 2 
oY Wye) ox ee ee 
wi 2 
i ee cy 2 


Now assume that p€M is a point with Vv|_ = 0 and that 
(tia) holds. Then veut = 0 which contradicts Lemma 1é25 there] 
fore all points are regular, and (iii) # (iv) follows from 


lemma 12. In the coordinates (U,;Uzee-e Uy) the equation 


- Ere 
reads as yp" = — or equivalently 2yw" = uke - Differentiating 
again we get yw™ = 0 , and there are constants a,b,c € IR with 
w(u) = au sr Jel ar} 5g UNOS) Sereutleheskepal 5° = 4ac follows from 
ayy" = yi? 
If (M,g) is Einstein then w" = -pj + B (see 14") eeainsiiss 
is possible only if p= 0 , hence Ric = Ric = 0 


E. Examples of global solutions 


Example 1. Spaces of constant sectional curvature 

Mp n n 2 c 
Let S (c’) , E’ , H’ (-c") denote the simply connected space forms 
of constant sectional curvature c%, O, ace respectively. 


ds?, as’, ds4 denotes the line element of the metric on 
( 


n 


Stl BY, eet) 


a) Sphere s*(1) 
ds = She iF Baca : ds“ 


ds” = Ace + coaen - ds 


=) (M8) 
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The corresponding solutions of vey = A+g are the following where 


¢ denotes an arbitrary constant: 


(icy) = efor Wy] ah fe 


wW(u) = sinut+e 


b) Euclidean space: 


Q 
109) 
i} 
fey) 
(Sj 
au 
Qu 
1] 
i] 
c 
fu 
Q 


r w(u) 


éle> = au? + aa 


| 


’ py (ua) 


c) Hyperbolic space H"™(-1) 


ds* = du? + sin hu ds‘ a) 


if 


Cos) hu +c 


u 
Cw tC 


HW 


jor 
n 
" 
Qu 
c 
+ 
@ 
Qu 
n 


r (u) 


ds* = du + cos hu as?, ze EE) 


Siti, Jel (el ap © 


All these solutions of ea = )h-g are globally defined. However, 
only such solutions can be global conformal factors g > g = v 2g 
which never vanish. This requires the following restrictions: 


a) |cl > 1 


b) wu) = ju? ECO MeLOGe Clemo 


Celi) = cosensiureco> 0 for Co> =1 


wv (a) 


e+ -¢ > 6 foe cee 0 


This leads to global conformal transformations into (not necessarily 


onto) the following spaces: 


Aye (ij sesh (o> — 1) 


Vonm—wein wit c° yjc| > 1 
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s"(7 = 02) for lela 

a ican es { ED for) = 
1 ~ *) for ec >4 
Vi) = cos ii + ce ee ~1 - 
He (ere 
Vie =ee- + Ace. 


In each case the curvature of the conformally transformed space is 
constant according to proposition 3 , and this curvature can be 


computed from the formula 
K = p°K + 2y Ay = Vwi? 


Example 2 . Einstein spaces which are not of constant sectional 
curvature 


a) Let (M,, 9,) be a complete (n - 1)-dimensional Einstein 


space (n 2 5) which is not of constant sectional curvature and 


whose scalar curvature is 9, = -1 » Then (IR * My, Gg)” wien 
ds* = du? + cos hu ds? 
is a complete Einstein space of scalar curvature p = -1 by 


lemma 13 (iii) : 


This admits the globally defined function 


ya) Sin Ie i > © 


satisfying 


Veypeueg . 


However, it is not a globally defined conformal factor. 


Compare the example in [B-K] 


As) 


b) Let (My, g,) be as above but with scalar curvature Pp, = 0 
(Ricci flat). Then (IR x Ms, g) with 


ds? = du? ec ds? 
is a complete Einstein space of scalar curvature p= -1 , and the 
function 
u 
U(u) =e +c (or = 0) 


is globally defined and nowhere zero. Therefore it induces a global- 


ly defined conformal transformation 
_ ,-2 
gwg=Wv Gg 


where (IR < Ms, g) is a non-complete Einstein space with 


u 2 
562 = (Con + c) 2au? + [=] ds? 5 
(Gy ar xe 


The scalar curvature of g can be computed by lemma (iv) : 


2 2 2 
boty pave Ivy 


D 
| 


2u ?) 


u 
2 + c)e -e == Cc 


nee en 


iim ciecmsoeclalecase Cc = 0 we get 


da* = e 24 au? + as? 


which is indeed the Ricci-flat Riemannian product (0,0) x M, . 


For examples of complete Ricci flat metrics compare [Be] ch. 15 . 


Example 3 . Non-Einstein spaces admitting concircular 


transformations 


a) The simplest example in dimension n 23 is the metric g with 


dee = ane + eu as? 


defined on M= IRxS 


130 


The function wv(u) = e" satisfying 


induces a globally defined concircular transformation 


(M,g) = (M,g) ’ g = yg C 


As in Example 2b) g is complete and g is not. g is not of 
constant scalar curvature because the radial curvature is -1 (see 
11 (v)) and the sectional curvature in the plane o orthogonal 
to ae is by lemma 13 (i) 

Ky = e244 _ ett) a e Zu - 1 


which is non-constant. 
This is a counterexample to the main result in [DH] . 


b) Let (Mg) be an arbitrary complete (n - 1)-manifold, and 
let ta) be a smooth function ~y: Ik = IR “sabiseving 


(ai)) (GY) SS 0) evovel §«= a (Gt) = seeps AL «wm € ioe 


f 


ae ‘Cum 
(ii) J Tee + © 
Kacatat)) lain Wwy)) = © 
n7-0 


The metric 


ds* = du* + (y'(u)) ds? 


is a complete metric on M= IR xM, . By 12 y satisfies 


2) A : 
Vu = ay g , thus y induces a globally defined concircular 


transformation (M,g) > (M,g) ,G= wg . g is again complete 


because the geodesic tangent to = has infinite length: 
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0 1 0 
~(3 3 /2 du 
Seige’ Gal) "SH J ame + © 
where the last equality follows from lim w(u) = 0 


u>-0o 


This may serve as a counterexample to lemma 4.3 in [T 3] 
and proposition 6.2 in [T 4]. 


The choice of the level hypersurface M, of wp is absolutely 
arbitrary in this case, except that M, should be complete if we 
want (M,g) and (M,g) to be complete. 


Note that this example cannot be modified such that both 


spaces have constant scalar curvature, see proposition 4 


Example 4 . Special equations on surfaces 


a) A complete 2-manifold admitting a nonconstant solution wy of 
2 
Vey = Keg 

This example is due to R. Walter, and it is a counterexample 
to Satz I1I.1.13 in H. Wissner's thesis (Erlangen 1978). 


We define (1R?, g) by 
ds” = au“ + tanh-u dv- 


in polar coordinates (u,v) - This is a complete metric, and the 


huncton 


py (u) 2 log(cosh u) 


satisfies 


2 


Vow = y"-g with y"(u) = : 


cosh2u 
On the other hand the Gaussian curvature K is given by 


K (u) =e pei) », 2 


yi (a) — cosh‘u 
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This implies v7u = K-g . The equation ~" = K is essential- 
2 
+ 


ly a Riccati equation y' y" = constant. 


b) A complete 2-manifold admitting a nonconstant solution of 


2 2 : 
vw = K-y-g . In the metric Ales = du + (y'(u))” dv the equation 


ha = K-~-g reads as 
Ces ee 
v7) yi w 
or equivalently w-" = constant. 
An explicit solution can be described for its inverse function 
u(y) g 


p at 
BU Sis || ees 
| W2 ieee 


ihe iolllewe tenets TCO) = 1 , WO) = @ », HCO) = 1 savas nae 


this is a complete metric (IR? ,g) in polar coordinates (u;v) . 


aes 


Note that the similar equation Vy = -Kv-g or equivalently 
w" = -Ksy implies 

= or lo v= constant 

p y" g y" ° 


It follows that K must be constant. 
F. Solution of the global problem 
In this section we discuss the following global problems: 


I. (compare the introduction above) 


Which complete Einstein spaces can be mapped conformely onto 


another (possibly non-complete) Einstein space? 


Il. Which complete Einstein spaces can be mapped conformally onto 
EE PPEG CONTOIMALLY ONTO 
another complete Einstein space? 
a 


III. Which complete Riemannian manifolds admit a globally defined 


concircular mapping onto another manifold? 
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IV. Which complete Riemannian manifolds admit a globally defined 
solution of the equation vw = Avg ey 


All the problems are dealing with the equation vu = at g 0 
Consequently problem IV is the first one to be solved. 


21. Theorem (compare [T 3] Lemma 2.2). Let (M",g) bea complete 
connected Riemannian manifold admitting a nonconstant solution yp 
of Pies = Sk ig Thepethesnumbersof cuisiical points of is 

Ns 2 , and M is conformally diffeomorphic to ~ 


(i) the sphere (S7 7d) de N= 2. 
(ii) the euclidean space (E",g.) or hyperbolic space (Eee) 
i Net, 
(iii) the Riemannian product I x M, if N=0 , where (M,,9,) 
is a complete (n - 1)-manifold and I € IR is an open inter- 


val. 


Vice versa each of these cases occurs (case (iii) with arbitrarily 


given (M,,9,) )- 


As part of the proof we show first the following lemma: 


22. Lemma. Let (M',g) and w be as in theorem 21. If P de- 


notes the set of critical points of ~ then N := |P| <2 , and 
(MNP,g) is isometric with a warped product metric 


2 


(1) eo dus + (u' (ulcase 


on I x M, where (M,,9,) is _a complete (n = 1) =menetoldmand 
I< IR is an open interval. 


Proof of the lemma. By lemma 18 P is a set of isolated points. 
By lemma 12 for every fixed point q€M \ P there is an open 
neighborhood U such that (1) holds in U where ds? is the 
line element of the level hypersurface M, := {x EM | w(x) = wlq)}. 
(My,3,) must be complete because every Cauchy sequence in My, 


must converge in M _ . Consequently we may assume that U = (q,8)xM,. 
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The trajectory through q is the unique geodesic with tangent 
2. . By completeness this is defined for every parameter u . 
Now define a6 and By to be the infimum and supremum of 


a,8 such that (1) holds for (a,8) * M, 


df ay (or BY) is finite then there is a limit point Io 
on this geodesic with w(q,) = (a) (or wW(B.)) . Then q, must 
be a critical point of w because otherwise lemma 12 would yield 
a contradiction. q), is a minimum (a maximum) of yw because by 
lemma 13 ur» is definite at a critical point. There are the 


following possibilities: 


he A578, € IR. , then (a8) x M, with the warped product 
metric (1) is a compact manifold if we add 
the two critical points of level p (a) and 


p(BQ)- . By connectness no other critical 
points can occur, hence N=2 . 
II.a) a6 Ss IR,8, = +o , then (are) x M, is complete if we add 
the minimum of level pla.) , hence 
N= 1 . 
II.b) a, = -~,B, € IR , then the same holds for (-»,8.) x My . 
elate a> ial 8 = +o ; then Ir x M, is completelwith tre 
warped product metric (1) , hence 
M= IR X*M, , and N=0 . 
Proof of the theorem. Ist case. N=0O . Then wy induces global- 


ly a product decomposition M = IR x M, , and the metric a 


gatisfies das* = du- + (py' (u)) 2as2 globally. 


By a conformal change the metric transforms into 


as? = —1_. au? + as? 
(aba) 


which is a Riemannian product I x M, , I being an open interval 
abil LURE 


énd_ case. N= 1 . Then by lemma 22 the 
metric g satisfies ERG 2 du? + Cp" (u)) 2as2 in M\ {p} where p 


is the only critical point. By lemma 17 the levels near p must 
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be isometric with the standard sphere of certain radius, hence 


every level must be such a sphere and it follows that 


' 2 
ds? = au? a fy) ds* 
(y" (0) ) 


If we regard this as an expression in polar coordinates 


around p we see that M is diffeomorphic to ney 


- By a confor= 
mal change the metric transforms into the euclidean or hyperbolic 
metric depending on the growth of w'(u) when u_ tends to 


The nat ys 


3rd case. N= 2 . Then M is compact, 
and by the same argument the metric satisfies 
2, W'(a))? 


ds = du’ + 5 2 
Caps) >) 


ds 


in M \ {p,q} where p,q are the critical points. It follows 
that M is diffeomorphic to the sphere. Locally the metric can be 
conformally transformed into a metric of constant curvature. Hence 
(M,g) is a compact conformally flat manifold. By a theorem of 
N.H. Kuiper [Kui 1] (M,g) is conformally equivalent to (Soyaql: 


To see that all these cases really occur, compare the examples 


in section & 
This completes the proof of theorem 21 . 


This solves problem IV . In order to get examples for case 
(iii) one may prescribe arbitrarily a complete (n - 1)-manifold 
(M,r9y) and a smooth (or c* ) function y : IR ~ IR with the 
only condition that y' is never zero. The solution of problem III 
is the same by proposition 8 with the only extra condition that 

y should not be zero. See our examples 3a) and b) in 


section E A 


23. Corollary. Let (M,g) be a compact Riemannian manifold ad- 
2 
mitting a nonconstant solution yp of Vw = aeig - Then (M,g) 


is conformally diffeomorphic to Gera,) 3 
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This follows from 21 because the compactness forces yp to 


have at least two critical points. 


The situation is quite different if we put additional restric— 


tions on the metric g . For compact manifolds we have the follow- 


alas) A 


24. Theorem. Let (M,g) be a compact Riemannian manifold (without 
boundary) of constant scalar curvature. Assume that it admits a non- 
constant solution wp of yen = abig 5 Ween (OM5ep) als sbSe@meicieaie 


with the standard sphere of certain radius. 


Proof. From 23 we know that (M,g) is conformally diffeomorphic 
to the sphere. From_lemma 22 we get in M \ {p,q} the expression 
as? = au* + We oe d 


(w" (0) ) 4 
standard unit sphere. 


84 where ds“ is the line element of the 


Then lemma 13 implies that the scalar curvatures p = con- 
stant of M and py, = (y" (0) ) 2 of the level hypersurface M, 


satisfy the equation 
2 
' . = —— _—_— —— _-— — me 
pi" +p A Px ee) nv 


Let us regard this as a differential equation for the unknown 
function wp' = p'(u) with the initial conditions 


HCO) = 08 (0) = Vo, a 
If p > 0 then one solution is easily seen: 
y'(u) = Vo,/o+sin(Vp: u) 


On the other hand the equation is nonlinear and the solution 
is possibly not unique in the singularity y'=0oO . 

In the following we will integrate the equation by elementary 
operations. Let us write y := ~' , then the equation reads as 


" n= 2 we n A -2 
Saas asia seo a ome = 0 


(compare [Kam] 6.224). 
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We multiply it by 2y2-3y' and get 


(yn ey") | fn (oy ¥ eT 
or equivalently 
yay + py” - os = constant. 
The initial condition implies that this constant must vanish: 
n-2 ( we 


2 
vy" oy — py) = 0 


This implies that a solution with our initial conditions must 


satisfy 


for all sufficiently small parameters u> 0 . Differentiating 


again we get 
One! (y" = py) = 0 


which implies 


c - sin(Vp uw) Foie ~ S O 
y'(u) = y(u) = e -2u for  p =20 
¢ + sin h(Vy¥-p u) for p< One 


where c is a constant. 


Then 13(iv) implies that (M,g) is a space of constant 
sectional curvature p . We know already that M is diffeomorphic 
with the sphere. This shows that p> 0 andthat (M,g) is iso- 


metric with the standard sphere of radius 1/Vp 
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Concircular transformations between spaces of constant scalar 
curvature and conformal transformations between Einstein spaces are 


characterized by the equation 


vy = (-pl + B)-g ,peBEe IR 


(compare lemma 2 , Proposition 4 and 8 ). 


This suggests to study this special type of the equation on 
(M,g) where p and B are constants (not assumed to be related 


with the metric g ). 


25. Theorem (Obata [Ob 2], Tashiro [T 3]). Let c,B be constants 
and (M,g) a complete Riemannian manifold admitting a nonconstant 


solution of W-u = (~c7y + B)-g . Then (M,g) is isometric with 


the standard sphere of radius 1/c . 


Prookes Lect PP) be the set ok critical points of i) 2) Brom lemnar22 


we have the global expression in M \ P 


as* = du* + (w'(u))7as2 


where yp is a function depending on the arclength parameter on the 
geodesic trajectory and ds? is the metric of a complete level 
hypersurface. The equation vy = (-c*p + B)-g reads as Mano poB, 
It follows that 
w(u) = a cos(cu) + b sin(c u) + = 
c 


where a,b are certain constants. 


In particular wy must have at least two critical points (mini- 
mum and maximum) because is bounded. Let u = 0 be one of these 
critical points. Then lemma 18 implies that the levels are stand- 
ard spheres and that 
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From w'(0) = 0 we get b= 0 and ds* = du + c*sin* (cu) «ds? 


which is the standard metric on the sphere of radius 1/c 


26. Proposition (Tashiro [T 3]). Assume that a complete manifold 
admits a nonconstant solution of Ta = Beg , 04 BEI . Then 


it is isometric with the euclidean Spaces 


Proof. As in the proof of 25 we have in M\ P 


ds* = du* + (y'(u))7ds? 


and w" = B 
It follows that wp(u) = E u? an Joye sp fel Wael ClomSiceimess lop 
Because of B # 0 w must have a critical point and by lemma 18 


ds? is the metric of a standard sphere. Let u=0 be the criti- 


* 
cal point, then b=0 , ds? = tds, and therefore 


B2 


dae = du 


which is the metric of the euclidean space in polar coordinates. 


Remark. A similar characterization theorem is not possible using 
the equation reel = 0 or hal = (elon + B)+-g because in these 
cases solutions without critical points are possible. In these 
cases the function Ww can be determined but not the metric of the 


level hypersurfaces of y 


Now we want to give the solution of problem I and II . 


2/7. Mean’ Theevem. (i) Let (M,g) be _a_ complete Einstein space. 
Then there exists a non-homothetic conformal diffeomorphism 

(M,g) = (M,g) onto another (possibly non-complete) Einstein space 
if and only if ‘W#tiy¢) is isometric with one of the examples 1a)b)c) 
on 25) in sectiem © , ime. af ™M is either a sphere, euclid- 
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ean or hyperbolic space or the product M = in « MZ with a_ complete 
Ricci flat space (M,,9,) , endowed with the warped product metric 


ds? = du’ + e*Mgs2 (up to scaling) 


which has negative scalar curvature. 


(ala) tae shy, eXelolalie am (M,g) is complete then each of the spaces is 
isometric with a standard sphere of certain radius. 


Remark. Concerning part (ii) it has been shown in 1950 by 
N.H. Kuiper [Kui 2] that the scalar curvature must be positive. 
K. Yano and T. Nagano [Y-N] have shown (ii) for the case of a 
1-parameter group of conformal transformations of M onto itself, 
and (ii) has been shown by R. Kulkarni [Kul] for one conformal 
transformation of M onto itself. T. Nagano [Na] stated (ii) 


under the weaker assumption of parallel Ricci tensor. 


The history about part (i) is strange enough. Y. Tashiro [T 3] 
had all arguments to prove (i) but he did not formulate it. Later 
in [T 4] he gave an incorrect version of (i) . We have not been 
able to find a correct version of (i) in the literature. 
Theorem G in [Kan] is quite close but it is not really satisfy- 
ing in some point. Compare our discussion of the "standard wrong 


theorems" below. 


Proof. (i). We compare the metrics g and beg =g := £*g onM. 
By lemma 2 yw: M-> IR satisfies the equation a = (-p~ + B)-g. 
By lemma 22 there are at most two critical points of jp , and 


the metric g satisfies 


ds? = du* + (y'(u))2as2 
Ghidelsions alin) ielie) Creijeneeyl joyeslignesi, Heide ds? is a complete metric on 
an (n- 1)-manifold M, , and (M,,g,) is isometric with a 
standard sphere if there is a critical point of yw (lemma 18). 


Tf w has a critical point p then (M,q) “died space of constant 
sectional curvature near p by 19 . By the global warped product 
metric it follows that (M,g) is globally a space of constant 
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sectional curvature. Then 21 says that it is in fact one of the 


n n n 


standard spaces S ,E,H - Compare the examples 1a)b)c) in 


section E 


It remains to discuss the case where wp has no critical 


points. The differential equation for y: IR-I is 


yp" = —ow ete B 


(compare 14 ). We know in addition that w(u) + 0 for all u€ IR 
and of course w"(u) + 0 for all u€ IR . This is possible if and 
only if p< 0 and yu) = ei V-eu, GC ywith c= 0a. Thensche 
metric can be globally expressed by 


ds* = du’ - pe Pees : 


Lemma 13 says that (M,,g,) must be an Einstein space with 


scalar curvature 


— me to), ue Ve 
ey = Uh lirrerrner ramen a 

2_2V-pu | ee rs 

e (ie: ae) mee 5) = 0 
This is exactly our example 2 b) in section E . In the special 
case (M,,S,) = Caer) we get the hyperbolic space of curva- 
ture 09 
(ii) From (i) we know all candidates for (M,g) . We have to 
examine which metrics g = beg are again complete. By scaling 


we may reduce the problem to the cases where p = +1, 0, -1 


Then the solutions of yw" = -py + B are simply 
asinus+ sb COosu 7c r © 2 
pu) = au? +but+e i ee 
a sinhu + b coshu + c a < 0 


where a,b,c are certain constants. 
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We consider a geodesic tangent to a . By assumption it has 


infinite length in g . We compute 


1/(au? + bu + ej , p = 0 


a( 3. on ee tH. - 
du’ ou 
* (p (u))? 1/a sinhut+b coshu + che p< 0 


0 
In any of these cases either f aC (%. Pee du 


1 
cee 2-\) 1 is finite which contradicts the completeness of 


(M,g) 


It remains the case o> 0 . Then (M,g) is isometric with 
a standard sphere and consequently (M,g) must be isometric with a 


standard sphere (compare theorem 24 and 25 ). 


This completes the proof of theorem 27 . Note that in [Be] 
Clevelonaeve Yo mw) fi Clakyeneijoyeiein ie Evil ClenyolleiaS Inaboisieeihn Siseleras ale 
sketched which have a warped product metric with 1-dimensional 
basis. However, theorem 27 does not follow directly from [Be] 
9.113 . The restrictions for the conformal factor yp have to be 


analyzed in addition. 


Appendix. Some standard wrong theorems 


Standard wrong theorem I . Assume that a complete Riemannian 
manifolds (M,g) admits a nonconstant solution yp OF Tou =e Gj . 


n 
Then M is diffeomorphic to the sjolmenes- 


References are: 1. [Y 2] thm. I , 
Yo, Se SN] elovayonciese 6] tele, (43 
oe) LY-Ob | Velma 
4 (H=M]Sthm. “A 
5 {H=S] thm. Cc 
6. (TAS 1.5 & 
Slightly different versions (also wrong) are 
to (Sst) lemma 4 


8. [DH] main theorem. 
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Curiously enough the euclidean space (Ex. 1a in section E 
above) provides a counterexample to 1.-7. . For a counterexample 
to 8. see our Example 3a) . More sophisticated counterexamples 
may be constructed following the pattern of our Example 2a) and 
3b) . These may be chosen such that the metric is not locally con- 
formally flat. Therefore the conclusion "M is conformal to the 
sphere" in most of these theorems is not true, neither globally 
javope Ikexerswlllayas 


Standard wrong theorem Ii. Let (M,g) be a complete Einstein 
Space admitting a conformal (or concircular) transformation into 
epOcther Eimstein space. Then (M,g) is isometric to either 

=, @? or H™ wisteamgerd spaces of constant sectional curvature). 


Note that the assumptions “conformal” and "concircular" are equi- 


valent by Corollary 10 . 
- ([I-T] thm. 3 (even more general) 


, (tt 2 see, 38 sioel eld, 2 


References are: 1 
2 
3 Ue 4)  jeieejxosmieem Soil p Bod 
4 


[Yeul*° corollary 4.7 


A counterexample is given by our Example 2b) (compare theorem 27.). 
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Topics in the Theory of Quasiregular Mappings 
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1. Introduction 


The theory of quasiregular maps has turned out to form 
the right generalization of the geometric part of the theory 
of one complex variable analytic functions to real n-dimen- 
sional space. These maps can be described as quasiconformal 
maps witout the homeomorphism requirement and, consequently, 
they have in general branching. The most interesting geometric 
features of the theory of quasiregular maps are in general 
of global character. While many relatively strong and pre- 


cise results of this nature exist, the connections to 
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differential geometry for exampleare not well understood and 


there is much left for further research. 


The purpose of these notes is on one hand to give some 
of the basic working tools in the theory of quasiregular 
maps and, on the other hand, to give proofs or at least out- 
lines of proofs of some of the main theorems. Most of the 
geometric results in the theory are proved by certain 
inequalities for moduli of path families. This method is 


presented in Section 5. 


In 1967 Zorié [Zo] proved that a locally homeomorphic 


quasiregular map of R” into itself is always a homeomorphism 


Iv 


if n23. In Section 6 we prove a slightly more general result 
which gives Zori¢'s theorem as a corollary. Zorié also posed 
the question of the validity of a Picard's theorem on omitted 
values and this problem was for a long time one of the main 
open questions inthe theory of quasiregular maps. This 

problem is nowrather completely settled for dimension three 
and partly also for higher dimensions. We shall give a rather 
complete proof Of a Picard's theorem in Section 7 for all 


dimensions. We shall there also discuss the sharpness of the 


result, 


An interesting question about which rather little is known, 
apart from the Picard type results mentioned above, is the 
general problem of the existence of a nonconstant quasiregular 
map £:M —>N_ for given connected oriented Riemannian n-mani- 


folds M and N. Some scattered results of this mapping problem 
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are contained in Section 8 of these notes. 


2. Definitions and history 


The definition of a quasiregular map for the Euclidean 
n-space Ryn 22s is the following. Let G be a domain in 
fomeand let £:¢ —> KR” be continuous. f is called 
Quasiregular (qr) if (1) £ belongs to the local Sobolev 
space W100 (S) i.e. f£ has first order weak partial 


derivatives which are locally in eh, and (2) there exists 


K, !SK<™%, such that 
(2.1) [£"(x) 17 < KJ,-(x) ae. 


By continuity and (1) f£ has ordinary partial derivatives 
D; f(x) a.e. The linear map f'(x) is defined by 
E' (x)e, = D, f(x) (e, is the standard ith basis vector in 
R"), I£'(x)! is the operator norm of f'(x), and J _ (x) 
is the Jacobian determinant. The smallest K21 in (2.1) 
is called the outer dilatation Ky (f£). If f is quasiregular, 
also 
(2.2) Nieto ae K'ing |f'(x)hl" a.e. 

fh =1 
for some I", | 2 KU wm. ‘More sineilibesie Bou) abel (2 57)) sts iciove 
inner dilation K, (£) and K(f) = max (Ky (£),Kz (£)) is called 
Ehe@ (tmescimel) Cliillaieeueiem Oe Go We IX((sz)) ~ Jp oF als eebikel 


K-quasiregular. 


The definition of quasiregularity extends ina 
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straightforward manner to the case f:M > N where M and 

N are connected oriented Riemannian n-manifolds since both 
conditions (1) and (2) make sense. All manifolds are in these 
notes assumed to be connected and oriented. A qr homeomorphism 
is called a quasiconformal (qc) map. If N=R = Ru {>}, 

Mc R", and if R” is equipped with the spherical metric, 

a gqrmap f:M—+>N is also called quasimeromorphic. 


Throughout this article the letter n is designated for the 


dimension in connections with qr maps. 


In the Euclidean case we have the following situation. 
For n = 2 the 1 - qr mappings are exactly the analytic 
functions, and a qr map f can always be written as a 
composition f =g ° h where h is qe and g analytic. 
For  n23' the —qr maps are very rigid. According Eo the 
Gene ralbuzcdehvouviolilcetheouemm Ene y saben Ges tekcie onsale ls 
Mébius transformations. In this general form it is due to 
Gehring [G2] and Reshetnyak [Re2], see also [BI1]. In order 
to obtain an interesting theory for n23, we need the 


Glillleieeteatoye eC) lee SS 5 


Interesting qr maps for n 2 3 have in general 
branching because of Zorié's theorem (cf. Introduction). Partly 
for this reason it is important not to restrict to too smooth 
mapS in our definition of quasiregularity. For example qr 
maps in e are locally homeomorphic for n23. The local 
Sobolev class we is the right class if we want 


Dy loc 


compactness of families of K - gr maps. 


The history of qr maps is as follows. Smooth qr 


ey] 


mappings for n=2 were considered by Grétzsch in 1928. 
He proved for example the Picard's theorem for such maps. 
Lavrentjev studied smooth locally homeomorphic qr maps for 


‘ Vv 
n23 in 1938. He already stated Zoric's theorem without proof. 


It was Reshetnyak who gave the definition as presented 
here and started in 1966 a systematic study of qr maps (by 
using the term "maps with bounded distortion") in a series of 
articles. His results are contained in the book [Re5]. One of 
Reshetnyak's main results is that a nonconstant qr map f is 
discrete (i.e. £- '(g) consists of isolated points) and open. 

A more geometric view of the subject was taken by the group 


Martio, Rickman, and Vaisdla in the articles [MRV 1,2,3]. 


Reshetnyak's main method is nonlinear potential theory, 
more precisely, extremals of certain variational integrals 
serve as counterparts for the harmonic functions in the plane. 
This theory has been studied further by Granlund, Lindqvist, 
and Martio (see for example [GLM]), and also by Bojarski and 


Iwaniec [BI2]. 


Other names that should be mentioned in connection with 
qr maps are U. Srebro, E.A. Poleckii, J. Ferrand, J. Sarvas, 
M. Vuorinen, M. Gromov, and P. Pansu. Historical remarks are 
included also in subsequent sections, in particular, the 
history of the problem of Picard's theorem is included in 


Section 7. 
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3. Examples 


3.1. Finite-to-one branched covers. One of the simplest non- 
trivial examples is the winding map ae —_ me r 

E(r,9,X3) = (r,kO,x3) in cylinder coordinates where k> 1 

is an integer. This map when extended to a map me —_ ne 
belongs to a whole group of examples of gr maps, namely 
branched covers between compact n-manifolds. The winding map 
f has the property that the dilatation grows to infinity 


together with k. 


Another example when the dilatation remains under a 
universal bound, but still the local index at some point is 
arbitrarily high, 2s consteucted as follows. The localmeuce: 

SL (Gz,3t)})  GNE 2¢ Ole al CulsicieGieS Cjorsin imejojoulme; se aS) Clerimee! 

as the number sup card un# | ty) where U is a sufficiently 
small neighborhood of x (this number is independent of the 
chosen U). Let now the boundary A of the cube 

2 aes <1 i =1,2,3} be triangulated as follows. We 
divide A first into any number of congruent squares and then 
divide each square into four (open) congruent triangles 
letting the vertices be those of the square plus the center 

o£ the squdre. Pick one triangle) f° in ehis ereeangala cine 
We can map the cone C = {d\T:\>0} by a K-qce map fy onto 
the half space H, = eae R* |x, > 0} where K does not depend 
on the mesh of the triangulation. By straightforward modified 
repeated reflection through the sides of the cones corres- 


ponding to the triangles and through ' dH, we extend f to 


0 
3 3 
a K,-qr ieyo) ae BAR > R where K, depends only on kK. Here 


the local index i(0,f) can bemade arbitrarily large. 


NS 


Ad 
3.2. Zoric's map. In [Zo] Zorié gave the following example of 


a qr map of R? into R? \ {0} which can be regarded as 


the counterpart of the exponential function in the plane. Let 
Cy be the cylinder (pect 20x, Fae? 1}. We can again map 


Co by a K-qce map fo onto the half space H, such that the 


edges of Co correspond to rays emanating from the origin. 


We can extend fy by repeated reflections through faces of C 


and oH, and obtain a qr mapping £:R° > ee 


0 
SS Ours alae 


example as well as those in 3.1 can be generalized to higher 


dimensions in a straightforward manner. 


3.3. Automorphic gr _ maps. Zorié's map £ is an example of a 


qr map that is automorphic with respect to a Mébius group I, 

that is, f°g = £ for all g in I. General existence results 
have been proved for discrete Mébius groups acting on the unit 

ball B™. For example in [MS] it is shown that if the group 

has finite volume there exists always an automorphic qr map 


with respect to the group. 


4. Basic properties 


In this section we shall present some basic facts of 
gr maps which are relevant for later discussions, mostly 


without proofs. 


4.1. Reshetnyak's main theorem [Re1],[Re3]. Every nonconstant 


qr map is discrete and open. 


This shows that gr maps also for n23 _ share the 


topological characterization with the analytic functions. 
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The essential step in Reshetnyak's proof is to show that 

point inverses t | (y) for a tap  £:G7——> R” have zero 
n-capacity (see Section 5 for this concept). This he achieved by 
showing that loglfl is anextremal for a variational integral. 
Let it be remarked here that the corresponding Euler equation 

is a quasilinear second order PDE, and in this sense there is 
a strong interaction between qr and PDE theory. 

Recently an improved proof arrangement of 4.1 was given 


soa (isan). 


If £ is a discrete open map between topological 
n-manifolds, it is well-known by results of Cernavskii in 


1964 and Vaisala in 1966 that 


(4.2) dim Be = dim fB. Sm = 2 


where Be is the branch set, i.e. the set where f fails to 


be a local homeomorphism and dim means topological dimension. 


On the other hand, the (n-2)-dimensional Hausdorff 


measure of fBe satisfies 


(a93) He areas 0 ea 


for a discrete open map f [MRV3]. For the branch set itself 


this is known only for n = 2,3. 


Next we consider instances where Be = > for qr maps. 


First we take up the implication of smoothness mentioned in 


SeGertone. 
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@-4. Proposition. Let n23 and let £:¢ —> RR" be Cie o 


Suppose 


ae 
if 


Then Be = OEE isieconstanite. 


Broce. Let fec! and x€B 
ii 


e? then “f° (x)= 0. By 1k, 3.4.0) 


k 


we have therefore H” *(£B,) =Q whenever f€C*, k21. If 


f is not constant, 4.1 and (4.3) give the result. 


It is an open question whether the assumption eG! 


is enough in 4.4. The following result reflects in some sense 


a stability feature in Liouville's theorem. 


4.5. Theorem [MRV, 4.6] HOPseVeT Ye Ne su eie renee hoes 


el such that every nonconstant K Gemap elsmes vocal: 
homeomorphism. 


The results 4.4 and 4.5 are not true in the plane. The 
analytic functions serve as counter examples. In connection 
with 4.5 there is also an open problem, namely no explicit 


bound > 1 is known for Kh 


4.6 Theorem. Let £:M—*>N be nonconstant qr. Then 


(1) [Re1] f£ is differentiable a.e. 
(2) [Re1] £ satisfies the condition (N), i.e. m(f£A) =0 


whenever m(A) =0. Here m is the Lebesgue measure. 
(2)) [MRV1,2.27] m(f£B,) = 0. 


(4) If h:N —> [0,°] and ECM are measureable, 
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J (hef)T,dm = Sh(y)N(y,f,E) dy. 
1a: N 


ig 
Here N(y,f,E) = card f(y) NE. 


(5) ([MRV1,8.2] J, (x) =O) fie@o 


(6) ([MRV1,8.3] m (Be) = @. 


We shall give the proofs of (5) and (6) in the end of 
Section 5 as an application of the method of moduli of path 


families. For a proof of (4) in this situation, see [Pe2]. 


Let £:M —>+N be a nonconstant qr map. Then fi 


is also sense-preserving in the sense that for DCCM and 


y©fD -EeD the topological degree 


miye£,D) = J _, i (x,£)>9, 
xEDNE § (y) 


see [MRV1]. In@particulear,sitx,£) 21 forall x <M, 
According to properties of discrete open maps, for each 

x€M there exists a neighborhood W of f(x) such that 

£1 (uN£ '£(B,NU)) is a i,t) —to-one covering of Ws (B,NU) . 


Here U is the x-component of f£ |W. 


5. Inequalities for moduli of path families 


In this section we shall present the most effective tool 
for proofs in the qr theory for n23. The method of moduli 
of path families, or extremal length, has for a long time been 
used in conformal and qc theory. It was introduced by Beurling 
in 1946 and published in 1950 by Ahlfors and Beurling 


(for n=2). Later important contributions applicable to qc maps 


hor 


are due to Fuglede, Gehring, and V&is&l&. A good reference is 


the notes [V1]. 


For qr maps there are two important inequalities, one is 
due to Poleckii and the other to Vdis&l&. We shall outline the 
proof of these, but omit the most technical jelaiay eles) jorewoyoue 
of the so called Poleckii's Lemma. In the end we shall give 


some applications. 


Let now M be a Riemannian n-manifold and let T[ bea 
family of nonconstant paths in M. The (n-)modulus of [I is 


defined as 


(5.1) M(T) = inf f pam 


"OM 


where the infimum is taken over all Borel functions 


o:M —~> [0,0] such that the line integral satisfies 
J pds 21 


for all locally rectifiable y€T. The number 1/M(T) is 


called the extremal lenght of IT. Hence M(T) has the meaning 


of the volume of an “extremal" conformal metric such that 

all paths have length at least one. The locus (=image) of a 
path y is denoted by |yl and the locus of I, which is the 
union of all lyl, y€T, is denoted by ITI. The family of 


admissible functions p in (5.1) is denoted by F(T). 


5.2 Examples. (a) Let acR?! = Ro x {0}o RR” be a Borel 


set, let h>0O, and let [| be the family of line segments 
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yy? !0,h] Sh) eee oF ee ye A. Then 


and the extremal oe in (5.1) is 1/h in “B = Axl0,h] and 
zero outside. For the larger family of paths joining A and 
A + he, in B one obtains the same modulus. For details, 


eee UWip,?.2] 


(b) Let O<s<t, let E be a Borel set in the unit sphere 


in" 
S and let [ be the family of line segments 


Yyils,t] ae Yy (a) = uy, y€E. Then (see [v1,7.5]) 


and the extremal p in Ir! is now 


o(x) = —+,— 


If E= gor the same modulus is obtained with the family 


=H 


of pathsjoining the spheres s""'(s) and ely 


ie) aligy tela 
ring B" (t) \ B"(s). Here the ring can be replaced also by 
R 

A condenser in M is a pair E = (A,C) where ACM is 


open and CCA compact. The conformal capacity or 


(evicapacity or shames 


(‘S55 8) cap E= inf f | Vul7am 
a A 


1S2 


Walkie wile = 4 


ino) 


u € Cy (A) 


where the infimum is taken over all 
The value in (5.3) 


is the gradient of u. 
: (A) where 


and where Yu 
C(A) NW 
iol 


remains the same if u varies in 
1 F : 
(A) is the closure with respect to Ww. (A) of the 


Wn ,0 
space Ce The connection to moduli of path families is 


expressed in the following 


5.4 Proposition 


cap E = M(T,) 


[Zi]. If E = (A,C) is a condenser with 


where rs is the family of paths 


A COM, then 
oA. 


Mie Commecting C to 


The inequality M(T,) cap E follows because if 
F(T). The other 


u is 


admissible for E, then p={Vul is in 
CieeCrien MSmmiCEoMtccimetcal. The idéa 1s that given @ an 
F(T.) one defines Phe = main (On) » I = pepo oap fine 
uy, tA == R! by 
u, (x) = int | pds 
eh) 0) 
where a runs over all rectifiable paths joining x to 
JAY with A, CALS. «ALSO A and the sets A, exhaust A. 
< 
Vu, | Sp, are. and that 


One can show that 


isla = abiavte dy 2 | 


koa 
where dy. = min fu, (x) :x €C}. Then u,/ 4, Tewacmils su bile rots 
E, and as k > ~, we get cap E<M(T,). 


If f:M—>N is gc, then the modulus is a quasi- 


invariant, more precisely, 
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(Sie) Sey (T) SM(ET) SK, (CE) MIT) - 


Ky a) 
This is often used as a definition of qc maps as is, the case 
in [vi]. In [v1] our definition for qc maps is obtained as 


a theorem. 


For qr maps the right hand inequality is true. It is 
the Poleckii's theorem and it is presented in 5.9. On the 
other hand, the left hand inequality is not true in general 


for qr maps. A simple example to show this is the following. 


Take fiR- = ne to be the exponential function 


f(z) = e” and let Tf be the family of line segments 
joining (0,x,) to (1 ,X5) and 0 €X5<k2n. Then 
M(T) = k2t7 and M(f£T) = 27. Hence M(T)/M(f£T) = k and this 


is exactly the covering number of f in ITl. In this sense 


the following result is sharp. 


5.6. Theorem [MRV1,3.2] Let f£:M-—*»N_ be a nonconstant 
gr map, let ACM be a Borel set with N(f,A) = Sup (ae ee 
(cecal Ny, 2 -Ale= card ant '(y)), let | be a path amily 


an A. Them 


M(T) < Ky (£)N(£,A)M(ED). 


Qutline of proof. Let o' € F(fl) and set 


p (x) 0” (f(x) txt), x= A, 


ois) = @ , x € MMA, 
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Here (d is the distance) 


L(x,f) = lim sup Glél) fly)) | 
d (x,y) >0 d (x,y) 


If y€T is locally rectifiable and f£ is locally absolutely 

continuous on y (i.e. fay is locally absolutely continuous 
O} ; 

where y is Y parametrized by arc length), then 


(see [v1,5.3]) 


Jods = J p'ds = 1. 
x EK 


Hence if IT) = ivewlsy is Locally rectiftiablé and £ iis 
locally absolutely continuous on y}, then op € F(T,)- The 


essential technical step is the following result. 


5.7 Fuglede's theorem (see [V1,28.2]) M(T) = M(T4)- 


With 4.6(4) we get then finally 


< fo™am = J o'(£(x))"L(x,£) ax 
M A 


M(T) = M(T 


= Kee) f(p'e£) "7 am = Ky (£) So' ly) "N(y,£,A) dy. 
M N 


Remarks 1. The last inequality 


(5.8) M(T) Kp (£)J_ o' (y)"N(y,£,A) ay 
N 


is often more useful than 5.6. In fact, we have an occasion 


moeuce it an the proof of 7.3. 
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2. In the proof of 5.6 the function p is the density of a 


conformal metric which majorizes the metric obtained by 


pulling back o0 


Much more important and also more difficult to prove 


is the following Poleckii's inequality. 


5.9 Theorem [Po] If f:M—*>N is a nonconstant qr map 


F010 Munn) Mans Su o= Meal alguas eg 1c slain lus fy oP Leal g (=H) 


M(£T) <K,(f£)M(T). 


Dull ine [Or proce. Sle ae F Ul), Gand set 


= Nat) 
OC Seay se 


where E = {x€M:f is differentiable at x and J, (x) 0m 


and 
(GEM (Gy) Saline age (382) Jol 
Iht=1 
aie, Ete 
o'(y) = sup{o(x):xe £ | (y)} Pe (Gall 


o' (y) 0 , y € NNEM. 


With this definition p' majorizes the various pushed down 


metrics. 


Next we choose a sequence of Borel functions 


ae 


4:N —> [0,ef such that Pp. ? o° and 0< p$ly) <e'ty) fie 
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O°’ (G7) 2, kere P; = {x © M:o (x) 2 pict (x) }. Then N(y,£,P,)2 1 


for y€f£M, and we get 


Vet deta amlep' (vy) N lyfe. )dy-< oe). 
j 


aa ong -dm < K, (£) f o™am 
DE M 
5 


where we have used 4.6. 


It remains to show that p'* is admissible for a family 


EE such that M(fI) = M(fT)). This is the technically hard 


0 
part and we shall only give the result without proof known 


as Poleckii's Lemma. 


Let y:la,b] —>M be a path such that f£ ° y is 
wectifiable. Let (foy)° be the latter parametrized by arc 
length and s:la,b] —+1[0,2(fey)] the length function, i.e. 
foy = (op eee Because £ is discrete, there is a path 
y*:10,2(foy)] —> M such that y=y*os. The path y* is 
called the f-representation of y. We say that f is 


absolutely precontinuous on y is y* is absolutely 


continuous. Note that if f£ is injective, then £ is 
absolutely precontinuous on y if and only if ¢ | aL 


absolutely continuous on foy. 


5.10. Poleckii's Lemma. [Po,Lemma 6]. If T,cT is the 


Subfamily of paths for which f°, is not locally rectifiable 


or f is not locally absolutely precontinuous on Por nen 
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To continue the proof of 5.9 set Nr 


Then (see [v1,5.3]) 
1 = [eds = ff ods” 1F Ng 
Vf TORY) 


hence p'€F(T)). Poleckii's lemma gives M(£T 9) =M(£P) and 


the proof is finished. 


Remark. The estimate Nly,£,P.) 21 apearing in the proof is 
often crude. A sharper inequality which takes this into account 


is the following, known as Véisala's inequality. 


5.11. Theorem [V2,3.1] Lee f£:M-—> N be a nonconstant Vqr 
map, I a path family in N, [* a path family ingeM and a 
a positive integer. Suppose that for cach BCl thevevane 
paths Og rece re, ano = such that eech Os is a (partial) 


itor anc 


card {Jia (t) =x} Sal(oepie)) dese eal x cee 


Then 


Ki (£) 
<a * 
ving) es = UCI) 
The proof 1s similar to the one of 5:9. im particular 
Poleckii's Lemma is used in the same way. The essential change 


is in the definition of the function o0' which this time 


is defined by 
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where B runs over all subsets of eG) Wabielot (lehats! 18) S tin, 


Remark. The proofs of 5.9 and 5.10 in [Pol and the proof of 


5.11 in [v2] are given in the Euclidean case. Only minor 
changes are required for the manifold case; for this, see 


[MR]. The complete proofs willappear also in the forthcoming 


book [Ri8]}. 


We finish this section by some simple applications. 


Vdaisdla's inequality will be applied in Section 7. 


Let M be a Riemannian n-manifold and F © M_ compact, 
Boo Meewe say that F has capacity zero, denoted by cap F = 0, 
if M(T) = 0 where [ is the family of paths y:la,bl —> MF 
with y(t) —>F as t —>b. A set ECM has capacity zero 
if cap F = 0 for all compact FCE. If E does not have 
capacity zero, we write cap E>0O. Note that cap E has no 
meaning as a number in this case. Zero capacity sets are 


metrically thin the following sense. 


5.12 Proposition [Rel]. If ECM is a Borel set and 


cap E = 0, then the Hausdorff dimension dim HE is zero. 


At an early stage the following result on the set of 


omitted values was proved both in [MRV2,4.4] and [Re4]. 


5.13 Theorem. If (on === R is a nonconstant qr map, 


then cap (R"N£R”) =" 0) 
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ieee, leis 1 = rR? ~ rR" and suppose cap F>0O for some 
compact FCE. Let IT be the family of paths y: la; l= 
such that y(a) €fB" and y(b) € F. Since fB" is a continuum, 
it follows from properties of the moduli and cap F>0O that 
Mii > O-esance f is discrete and open,;.every path y€T 

has a maximal lift a starting in B” (see [Ri1]) and such 

a lift a must tend to ~ because y(b) € F. Let I* be the 
family of such lifts. Then M(I*) = 0 which can be proved 

for example by application of Example 5.2(b). Since every path 
y€T contains a subpath in fIT*, we have M(fI*) 2M(T). 


By Poleckii's inequality we then are led to the contradiction 
O = K(£)M(T*) 2M(£™*) 2M(T). 


Remark. Exactly the same proof leads to the following more 
CMSs MSSWIe, Ie iE === IN Ios al MOMCOMEEINic Cis MEO, 
let [ (resp. [') be the family of paths in N (resp. M) 
connecting a continuum to ©. We assume that M and N 


are noncompact. Suppose M(IT') = 0. Then also M(T) = 0. 


BEonmenewinequalttlcs for modullivotepatieraniMllccsmone 
easily obtains inequalities for capacities of condensers. 
Historically the latter where proved first [MRV1]. Let 
£:M —> N be a nonconstant qr map and {A,C) a condenser 


in WN. From Poleckii's inequality we get the inequality 
(5.14) eyo (HA 5381) K, (£) cap (A,C).« 


To prove (5.14) we may assume ACCM, Let TI be 
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the family of paths in fA connecting fC to d£A, and 
fe! 6 bes the family of maximal lifts in A starting in Cc; 
Then all paths in [* connect C and dA and by 5.4 and 


Bio, 
cap(fA,fC) = M(T) <M(£I*) = K, (£)M(T*) is K, (£)cap(A,C) . 


An inequality corresponding to 5.6 is true for special, 


so called normal condensers, see [MRV1]. 


To state a substitute for Schwarz's Lemma we need some 
facts about the Groétzsch condenser (Be EOy req). ies 
capacity is denoted by v,(%). For K21 we set 
w(n,K,r) = eR vent) Then @Q(n,K,r) is continuous and 
strictly increasing in r with boundary values (n,K,0) =0, 


p(n,K,1) = 1. Moreover, it satisfies [Ge1,p.518] 


xl / (n-1) 


o(n,K,r) sir 


where the constant An 2 1 depends only on nn. 


5.15. Theorem [MRV2,3.1]. Suppose 2 = is qr and 


fon) Oe Laem 
l£(x) 1 < o(n,K,(£),1x!). 


Proof. By (5.14) ,cap(£B" ,£[0,x]) $K,(£)v_ (ixl). 
By the symmetrization result for condensers v, (le Ge) = 


= cap (B",[0,f£ (x) ]) <cap(f£B",£10,x]), and the result follows. 


As in the qc case the moduli inequalities are con- 


venient for characterization of qr maps too. An example 
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of such a result is the following. 


5.16. Theorem. Let M and N_ be Riemannian n-manifolds 


and f:M—>N a _sensepreserving, discrete and open map. 
Then the following two conditions are equivalent: 


(1) £ is qr and K,(f) sk. 


(2) M(£T) SKM(?) for all path families YT =in Me 


aie Gliigerencsiem ((j])) = (2)) aS wroileeiisl s sineenicllaney, oie 


the proof of (2) > (1) we refer to [MRV1,7.1]. 


oy iia Corollary. lef sands ¢ Tace Pqr Vand oor 


detined, then get iS “gr. Moreover, 


K, (g°f) <K, (g)K,(f). 


Proof. We may assume that gef is nonconstant. Then 
£,g, and g°f are discrete and open. Theorem 5.16 gives 


first 


M((gef)T) <K, (g)M(£T) < Ky (g)K,(£)M (1) 


for all path families T in the domain of f. Then we 


get that gef is qr and K,(gof) s K,(g)K,(£). 


As a final application we shall prove for a nonconstant 
qr map £:M—*>N that J,(x)>0 a.e. and m (Be) = 0 
(Theorem 4.6 (5) ,6)) by using Poleckii's lemma and 5.6. This 


proof arrangement is due to Pesonen [Pe2]. 
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Proof of 4.6 (5),(6). Suppose J, (x) = 0 inaset E of 
positive measure. We may assume that E is a Borel set 
contained in a closed cube Q and that for all x€E f is 
differentiable at x and f'(x) = 0. Let I be the family 
of paths y with lyl = LNQ, where L is a line parallel 


to ey and 


fds 0. 


Fubini's theorem with 5.2(a) implies M(T) >0. The inequality 


5.6 gives 


M(T) 


0 < X- (FIN (FSO) 


= M(fl). 


Now Poleckii's Lemma says that there exists y€TI such that 
the f-representation y* is absolutely continuous, and 


therefore 


paitre' 7) 
Wienivede =) Xe oy yicdm, 2 EF a iret 


1 


Hence m, (/*"'E) >0. On the other hand, for a.e. t€y* E 


we have 
nee eye" (Ce) 14% fe) I = 0 


which is a contradiction. We have showed that J ¢ (x) >0 a.e. 


Since f£ is differentiable a.e., it follows that J, (x) =0 


a.e. in Be- But J ¢ (x) >0 a.e., hence m(Be) = 0. 
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6. Locally homeomorphic quasiregular maps 


In this section we shall prove the main result for 
locally homeomorphic gr maps in dimensions n 2 3, namely 
Vv : 
Zoric's theorem. In fact, we shall prove the following more 


general result formulated for maps of a ball. 


6.1. Theorem [MRV3,2.3] Suppose ose ae? 25) -KSor, 


focally homeomorphic, and n23. Then there exists 
W=wW(n,K) > such that fiB'(v) is injective. 


Zorié's theorem follows as a conolilaiays: 
6.2. Corollary [Zo] Suppose eke SS ES ee 
liecally homéomorphic, and m23, Then = as gc. 


For the proof of 6.1 we need some topological lemmas 


which we state without proofs. 


6.3. Lemma I[MRV3,2.2] . Let G be a domain in R", 


f£:G —> s” locally homeomorphic, Gest simply connected 


and locally pathwise connected, and P a component of Cale 


such that P is a compact subset of G. Then f maps P 


homeomorphically onto Q. If moreover, Q is relatively 


locally connected, i.e. every point in Q has arbitrarily 


small neighborhoods U such that UNQ is connected, then f 


maps P homeomorphically onto Q. 


6.4. Lemma [Z0,p.422]. Let f:G —> Ss" be as in 6.3, let 


A,BCG be sets such that flA and fIB are injective, 


A 


ANB * >, and fAN£fB is connected. Then f is injective 


alba AuB. 


Proof of 6.1. We may assume £(9) = C. Let U(r) be the 


=n 


Q-component of £ B’(r) and set r, = sup {r:U(r) <B"} 


0 
Iatprg WOK <Xo and write U = U(r). Lemma 6.3 implies that 


—— =i 5 : 
£lU:U —> B (r) is a homeomorphism. Set 2*=min({Izl:z€3u} , 


ie max{|z|:z2¢ eu}, g=minf{lyl:y¢ £87 | (2*)}. It suffices to 


finda lower bound of 2*. 


In what follows we may assume 2% < r. Then A = UNU(2) 


is a ring and both components of 3A meet s™!(g*). It 


follows that the capacity satisfies cap (U,U(2)) 2a, >0 


Rod; Wie, Since f£ is ge in U, we also have 
= = Be 
a Scap (U,Ois)) =< K cap {£U,20(2)) = —- 
n 1, 19 |] 
(in ==) 
Ri 
where us is the (n-1)-measure of the unit sphere gual. 


sei 


This gives an inequality r/&% ¢ a(n,K) which holds also in 


the case =r. 
Next fix a point x) ino UMS OCmae ait 1X9 = L* 
and set yo = f(xg). For r<t<r+h we consider 


caps C(t, ) {y ER sly - Yq! aay: Wo yaya > f= cos ~} 
of the sphere Bo (gat) with axis the line L through 
0 and Yo and with angle 9, 0 < » £ 7m. Let Zp be the 
joules (ig = fry. in the line segment 

iE 
Un ze, and Let. C* (t,o) Goethe z*-component of 


J = {sy)i-k/r <s <0} ©L, let z2* be the unique point in 


V2 


e~ 'c(t,@) (see Figure). 


Now let © be the supremum of all 9 € ]0,7] for which 


ite 
f maps C*(t,) homeomorphically onto C(t,). We claim 

that c#(t,o,) 1S"! (L*) + > for r<t<r+2&. Suppose 

this is not true. Then for some t€& Ir ,xr+ a c*(t,o pe B (L*). 
Lemma 6.3 implies that f maps c*(t,O,) homeomorphically 

onto C(t,O,)- Note that for n = 2 the proof breaks down 

here because C(t,7T) is not relatively locally connected. 
Since f£ is locally homeomorphic, £f is injective ina 
neighborhood of C*(t,0,). It follows that the only possibility 


is ©, = 1, hence €*(t,o,) = C*(t,7) is a topological 


ic 
(n-1)-sphere. Let Dee (iL) be the bounded component of 
Res (t 01h Then 93fD ¢ sh! (yp.t), hence Ten = Bo (ype) - 


Again by Lemma 6.3 f map D homeomorphically onto 


By ole The point z* is in DAU, so DNU # $. Also 


ts 
BY (yort) N B'(r) = £DN£U is connected. Lemma 6.4 implies 
then that £ in injective in DUU. But this gives Xq€D 


because Yo €fD which is a contradiction. We have proved 


Glace c*(t,0,) Ns"! (LA) Ga) awone sMeek< a Kae db 


173 


For xr<t<r + 2 choose xt EC*(t,0,) NS” | (LA) 
and let ry be the family of paths in C*(t,O,) joining 
z* and xf. Let TI be the union of the families ee) 
mec t 2. Since lz | < 2* and Ix¢ | = L*, we have 


T) < “n-1 
M ( rr Ae 
x 


On the other hand, M(£T) 2b 1n(1 te) lV 1081 25. 
Combined with M(fI) <KM(T) these equalities give a bound 
tanh lt hcenimbere l= a tenaceto | as) 5 ——> ro: 


The theorem is proved. 


The results 6.1 and 6.2 are not true for n= 2 which 


: ? 2 
can be seen by means of the exponential function z }+?e’. 


Zori¢'s theorem implies some other interesting results. 
For example one can use it to show that a holomorphic map 
eas Saeed aX k>14 which is qr as a map Rok —- Rok is 
necessarily affine [MaR]. This result shows in a sense that 
the theory of holomorphic maps in complex dimension >1 and 


the qr theory are generalizations of the one complex variable 


theory in completely different directions. 


7. The analogue of Picard's theorem 


In 1880 Picard proved the well-known result that a 
complex analytic function a ——> RNa, ,ay} must be 
constant. The same result is a also true for planar qr 
maps which can immediately be seen from the decomposition 


f = gof of a qr map f£ where h is qe and g analytic. 
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For the smooth case this was proved by Grotsch in 1928. 

In 1967 Zorié [Zo] posed the question whether a Picard 
type theorem is true also for n23. For a long time it was 
conjectured that a Picard's theorem is true in the same form 
as in the plane. In 1980 a Picard type theorem appeared in the 


following form. 


7 le neoremele1 oie Thereviex 5 US Same inbeder Neca q(n,K) such 


that every K-qr map cj ROM(aj ye ++ aq) wseCconstanitr 
It is now known for n = 3 that the conjecture mentioned 


above is false and, in fact, Theorem 7.1 is qualitatively best 


possible. The complementing resuit is as follows. 


7.2. fheorem [Ri7]. For eVerTy post clive Ineeger p WEiene 


exists a nonconstant qr map eR == ee omitting p points: 


Apart from [Ri3] there exist two other proofs of 7.1 in 
the articles [Ri5] and [Ri6]. The proof in [Ri5] is a simpli- 
fication of the proof of a more general result, namely a defect 
relation in [Ri4]. We shall here give a fairly detailed 
presentation of that proof. On the other hand, the proof of 
7.2 is very technical and we shall here only make some remarks 


about it later. 


Wor (rsisisieniell jereyell alin’ Ciuc joneleyore ire 7,1] AS el @Sieieedia 
comparison lemma for coverings over spheres. In the proof of 
the lemma we need Vdisdla's modulus inequality (Theorem 5.11) 


together with a path lifting result. For the formulation we 


need some notation. 
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n 
fee £:R —>~ Ee be a nonconstant qr map and write 


Bee Sy (f). For & cr" such that ECR" is compact and 


for yeR™ Sec 


n(E,y) = y at (G8 p32) 
xee-l(y) Ne 


where we recall the notation i(x,f) for the local index 


Sreones.t. If E ws a ball! B'(r), we write n(r,y) = n(B (r) ,y) 


pearls 1S Often Called the counting function. If YOR: 
an (n-1)-sphere, we let v(E,Y) be the average of n(E,y) 


over Y with respect to the (n-1)-measure. If E = B’(r) 


n-1 


and Y=S5S (t), we write v(r,t) = v(E,Y). In the following 


we also write S for the unit sphere coals Hence 


(Genie & if fat (Ge ey ele 
is} 


7.3. Comparison lemma. If 6@> 1 and r,s,t > 0, then 
Klan (t/s) 1?! 


@nes | 


Iv 


we (Signe) 2 Ge ts) 


PEoots | We May assume  Ss<t. For m= 1,2;... set 


ET = 197 © Semi (Gse ay) Sin (ic pay) = all 
E= UE 
m 
m 
Then 
(1) fJn(or,ty)dy = f n(0r,ty)dy + fn(6r,ty) dy 
S SE E 
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Iv 


J “ie,syldy * ) J (n(veyWe wey 


SE mE 
Selene cy) dya—— jm m1 (Eq) - 
S m 


For yé€S let B2[s,t] —> R” be the path defined by 
= = : Q Ril 
By (a) uy and set T {B,2ye Et. Let y€E,. From [Rit] 
we obtain the following path lifting result: There exists a 
sequence @,,-+-,0,, k = n(r,sy), of maximal £|B"(6r)-lifts 
obi By starting at points in el ¢y)n Bo (xr) “such that 
card {Jra5 (t) = se\> © Si (se 38), 


for all x and t (which make sense). Since yYeE. 
at least m of Ore ee Ay end in dB" (6r). Call the family 
of those lifts when y runs over En by Was Valtisallags 


inequality 5.11 gives now 


Xx 


at 
(2) M(T) s=— MTs) 


Since the path families Le are separate, so are the families 


ie By properties of the modulus 


4) 
(3) ) M(P*) = M(ur4) < ie 
mM 


mm (ino)! 
On the other hand, 


m (E_) 
eH 1 
(4) Me = 


t,n-1 
(ing) 


From (2)-(4) we get 
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Kw, (Iin(t/s)™ | 


m (Ine) 27! 


With (1) this gives the claim in the lemma. 


Remark. Lemma 7.3 is in a slightly weaker form in [Ri2,4.1]. 
The present form was proved essentially with the same proof 


as in [Ri2] by Pesonen [Pe1] and Hinkkanen (independently). 


7.4. Lemma. If © is an essential Singalaevey Gf £,) Loe. 


has no limit in R” at © then 


lim v(r,s) =o for all s>0O. 
1G=2 ae 


Proof. By 7.3 we may assume s = 1. By slight modification of 
the proof of 5.13 we can show that cap (R°\£ (RXB" (r)) ) = 0 
foreall +> 0. This 1s Cucn implves the exisitence of a Borel 


set ECR” of zero Gapacileyesuch that for all: = 0, 


N(y,£,R° NB" (r)) =o, ye Bee 


Set F, (r) = {y CiSetr,y) 2 KR}  ok-='4,2,25. Then 


; A 1 ; : 
lim v(r,1) 2lim = J __kdy = Lim m4 (FG) 
roo j7e% n=-1 F (3) n-1 

k 
2 m , (SH) 
Yn-1 


I 
(S) 


where H is a Borel set of zero capacity. But m7 (H) 


by 5.12, and the Lemma follows. 
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Remark. In the proof we used only the properties that v aL} 


an increasing positive function and that a > 0. 


Proof of 7.1. We assume that f:R° —_ RUMaq ree rag) is a 


nonconstant K-qr map and aie es are distinct. We may 


assume that the omitted points a. Maye eubil sis Bo Cl 2). Set 


Fix s € [kK,~I<E where k 2 ro is a number chosen 
sufficiently large later. With the notation of Lemma 7.5 set 
d, = s' = s. We decompose B"(s) LIMEe) CliSiy@Ouime eel Seics 
U, ,i€ i = {1,2.:,p) ; Such that, for some Ky - qe map 9, 


of R” onto itself, O; ee (1 7 2)) cu; CO, 1B. (4/2), and O<a, 


IA 


= p(U,) 8 < ~, where Ky ror 8 depend only on n and 


n 
p(U;) is the diameter of U; in the hyperbolic metric of the 
ball B(s') with density 1/(s'? = ae An elementary 


calculation gives an estimate 


Syl. Wz 
(1) @ s b, ae = b,v(s) 


pleree Wwe Sloeulil Clemons yy be positive constants that depend only 
on n_ and by CL positive constants that depend only on n 


and Kw k= 0M, Wisi te 


Yo ©, 1, Zs O5 ist (SW 2M p NE Or Baye 
We may assume that W, cB" (s') fOr all is wandethatethemsets 


W, do not overlap more than bo times. 
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Note that if © is not an essential singularity of f, 
then f£ can be extended to a qr man f:R" —> R" anda 


v(r,s) —> k = degree of f as r —> », 


7.5. Lemma. Set v(r) = v(r,1). There exists a set 


Ec[1,[ of finite logarithmic measure, i.e. 


dr 
f= = = 
zt © 


such that 


Vite VS e20(r) “for 12 ( il call Ss ig, 


ie = x + eee a = 2 in - 1) 7!. 

Proof. The idea of the argument goes back to E. Borel. Let 
ro =| weysten chat (rq) - 1 and set 

B= ar € er ey er) 2v(r)}. We define inductively 

ro oan sent gta ro < 5 <... (possible a finite sequence) by 


by 


‘ Pa > " 
oe iz ens rey 


R 
i} 


I 


v(ry 


Let E, be the union of the intervals [r, rel,k21. We claim 
a 

that E = [1,r,]LE, satisfies our requirements. We observe 

that FCE, (If F = $, we define E, = ¢). We have 


V(r, 4) 2v(ry) 2 2v(r,). The Lemma follows then from 


oe Simone Za ; 
joes y Bee) 4a 
21 k k21 v(r;,) 
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Recall the notation v(E,Y) before 7.3 for the 
average cover from E over an (n-1)-sphere Y. Set 
v(E) = OES es We shall next find i€I such that 
v(W,)/v(U,) has a bound depending only on n and such that 
v(U;) is sufficiently large. This will be the essential 


i n 
point where we use the fact that f is amap of R. For 


this set 


a {i€ I:v(W,) 2 3b, v(U;), 


{ie I:v(U,) visy 74}, 


H 
it} 


We claim that IN (TU I,) + ¢ if « is sufficently large. 


We first observe that © is an essential singularity of 
f because otherwise f£ would extend to a map of R” onto 
a proper compact subset of R” which would contradict 5.13. 
Hence by 7.4, v(r) —~>° as r-—>o. By the choice of s 


and by (1), we obtain for sufficently large *« the estimate 


pone 3/4 
ae 2 v(U,;) s L v(U;) + L v(U,) “3b, a v(W,) +b,v(s) 
1€I yu 1 ak Io 1 1 al 0 
< duis") +b,v(s) 2/4 s Zu(s) +b vis) 7/4 < dvi) . 


But 


y v(u.) = v(s), 
1€r © 


hence Is(I, UT,) + >. 
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Fix LeEINI,vUI,). Suppose that a. = 0. We apply 7.3 


to the map g = foo, | and get 


{| « to 


eee) G7) = 7 


(nee 


where we have indicated by subscript that the counting functions 
are with respect to the map g. Since i ¢ I,, we can for 


sufficiently large « choose o so that 


{2) =(U.) = “gh 1/2) = Cy (An =| €2c,(£n —) 


where cy = 2KK, (1n2) '~™ 


. Then eT e and hence 
g 'B(a,,0) NB ¢ ¢. By using an auxiliary qc map we get the 


same statement also if a with a larger Co, 


Let be DewLhce raat yeOr paths B37 2h5 EB joining 
g B (a;+o) and some g 'B™(a, 0), k+#j. It follows from the 
modulus estimate [V1,10.12] that max.M(T.) 2a(n,q) where 
a(n,q) —>o as q — > oo. With some extra effort (for details, 


see [Ri4, p.188]) one can take a(n,q) = Sn ae Note that 
since each a, is omitted, each component of g 'B"(a,,0) tends 


TO =, Ii wey i) Swiel) woehe 


1/ (n-1) 
(3) M(T.) bg 


WW 


Each path goy “YES 


Bn (a, 70), k+#j. Write K, = KK) and M = Oy /0. We may again 


in 
,connects B (a, 19) and some 


assume a, = 0. We define p € ENG.) by 
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By ee Ta TyT alse y€B"(o)) ~B (0), 
o(y) = 0 elsewhere. 


The inequality (5.8) gives 


OO wee ones) 


fe = at 
aa n_(3/2,y) dy=K4 SJ z) 
(4) M(T5) <K, ae ply) ny , 11) See 
ie 

ko ecg a2, Pe 

ee I 5 

(1nM)" 
Using the Comparison Lemma 7.3 again together with ig To and 
(2) we get 

atu ata (w.) # ¢, nm) 27! 
‘e)) SW) = Wal) a © n 
vgn g | Ge oe i 1 


<c,(1nm)™!, 


With (4) this gives M(T.) <c, and the theorem follows then 


fom, (3)i- 


7.6. Remarks on the proof of 7.2. In Example 3.2 we saw how 

to construct a nontrivial qr map of ae omitting one point 
in Ro. The construction generalizes to R” ina stbargqht— 
forward manner. On the other hand, already for p = 2 one can 
show that the map in Theorem 7.2 must satisfy hard requirements 
and this necessarily leadsto a complicated construction. To 


describe this a little let us look at a given nonconstant qr 


3} 3 7 
map £:R~ —>R Stuy ,u3}, Uy = -e,/2, uz = e,/2. Write u, = © 
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and let U,,U,,U, be the components of RX (SUB U{u, ,u3}) 
such that us € U,, jr=2.3. See Ws = Ue By arguments in 
value distribution, where the comparison Lemma 7.3 plays 
again an essential role, one can show that for each common 
boundary point x of be and Wy the third preimage Wy 
must in a sense be near x. This condition alone makes the sets 


Ws very complicated when we approach ©, 


In the construction in [Ri7] also a fairly general 
2-dimensional deformation theory for discrete open maps is 
needed. This is one of the essential features in the proof to 


keep the dilatation bounded. 


In principle it seems to be possible to prove 7.2 also 
for n2z24. However, the deformation theory and also some 
other parts should be modified considerably because in [Ri7] 


some properties of the plane are used essentially. 


8. The general mapping problem 


Our mapping problem is the following. Given two 
Riemannian n-manifolds M and WN (recall that all manifolds 
are here assumed to be connected and oriented) does there 
exist a nonconstant gr map f£:M — > N ? One of the most 
interesting problems of this type has been the problem of 
a Picard type theorem, namely the case M = Bae 


N = Silay 7. a }, considered in Section 7. 


qt] 
In general, not very much is known about the mapping 


problem. Let us first look at the case N = Sore Me cS 
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given a triangulation such that for some L2 1 each n-simplex 
can be mapped by an L-bilipschitz map followed by a homothety 
onto a standard simplex, then there exists a nonconstant qr 
mapping £:M —~> s™. We can construct f for example by 
performing a barycentric subdivision oncexand then using the 
Alexander's construction where every other n-simplex is mapped 


) and every other onto the 


onto the upper hemisphere of S 
lower. Apart from this remark all results in this section 


concern the case M=R. 


8.1 Isoperimetric inequalities. The connection of 


isoperimetric inequalities and capacity has been used by 
Gromov and Pansu to obtain results for the mapping problem, 
see [Gr2, Chapter VI], [Pa]. The idea goes back to Ahlfors' 
famous paper [A,p.188]. The proof of the following result can 


be found in [Pa,p.169]. 


8.2 Proposition. Let N bea noncompact Riemannian 
n-manifold and suppose that for some m>n and some = 10) 
the isoperimetric inequality (H* is the k-dimensional 


Hausdorff measure) 


(8.3) m(a) s cH®~! (gay ™/ (m-1) 


holds for all AccN. Then cap (N,C) >0 for all continua 


Geant 


8.4 Corollary. Let f:R° —>N bea qr map and suppose 


that the universal cover N satisfies an injequalaey. (8.3) oer 


all Acc N. Then f£ is constant. 
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For the proof of the corollary we observe that if 


row 


Lm) 


n me ee ; he 
oh —> N #8 2 lift of £, it is constant by the argument 


ati) 55 eis 


2 


ey s*#s! x a 


8.5 Examples. If N is the connected sum 5S 
TN is a free group of rank two and then WN satisfies (8.3) 
with m = ~. According to Sullivan's terminology, N is open 
at infinity.Corollary 8.4 shows that every qr map CR — > N 
is constant. Alternatively, we get this also by using 7.1 since 
N is quasiconformally equivalent to nei where E isa 


Cantor set. 


On the other hand, if WN = g! x om then N is quasi- 


conformally equivalent to oe ~ {0} and the Zorit map 


a R7\{0} with the projection N—>N gives a gr map 


R° — > N. 


In the first example 74N has exponential growth in 
the word metric; for the definition, see [Gr2,p.68]. An inter- 
esting example of a compact 3-manifold N with 14N having 
polynomial growth is obtained as N = G/H where G = N is 
the Heisenberg group which is the Lie group of upper triangular 


matrices of the form 


and 14N = H is the subgroup of integer entries. If we fix a 
left invariant Riemannian metric on G, then G satisfies 


(8.3) with m= 4 (see [Pa]), and hence every qr map of 
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ae into N is constant. 


Next let us look alittle at some simply connected N. If 
N = 5? x ay we get a nontrivial qr map cone —>N as 
follows. There exists a 2 to 1 branched cover 9 of 
the 2-torus 7? onto Ss. We take f£ to be the projection 


Rr? > r4 = px 7? followed by ox. On the other hand, the 


9) 
case N= s? x s7 4s? x S“ is an open problem. Also the case 


eS ee Seen is open. 


In the Picard type theorem 7.1 the essential property of 
RUNfayre-- rag) is that the codimension one homology has a 
sufficiently large number of yenerators. In fact, the proof 
can probably be modified so that the claim of 7.1 holds with 
some q(n,K) for any Riemannian metric on RMN {a,7--+ sagt. 
It is natural to ask whether other codimension homology has 
some effect on the mapping problem. We shall exhibit one 
example of this type where also the fundamental group plays 
a role. In fact, it can be shown that there exists no non- 
constant gr map of ne into N= T+ ¥s?x a In the proof 
both the nontriviality of he and H, (S? x s*) are used. 
After some preparation the argument is similar to the one in 


3 


the proof of 7.1. Although 7, (8! x Si) is allso nents vetcnlee 


the same argument does not apply to s! x s? 4s? x ee and this 


case iS again open. 


Some other examples and remarks are presented in 


[Gr2, Chapter VI] and [Gr1]. 


LA] 


[BI1] 


[BI2] 


[F] 


[Gel] 


[Ge2] 


[GLM] 


[Gr] 


[Gr2] 


[MaR] 


[MRV1] 


[MRV2] 


[MRV3 ] 


[MS] 
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ine roOduceaen 


We consider n-dimensional compact Riemannian manifolds 
(n 23) which are conformally flat if n24 and give as well 
global topological (if n24) and metric obstructions for the 
existence of a conformal immersion into the N-dimensional 
sphere gM with N<¢2n-2 (which are due to [Moore 2] and 
[Moore 3]) as local metric obstructions for the existence of 
an isometric immersion into et or Euclidean space E . Then 
we apply these results to examples of conformally flat mani- 
folds as space forms, products of space forms with opposite 
curvature and warped products of a! and a nonspherical space 


IeOeiGl 


In [Moore 2] it is proved that a conformally flat com- 


L 


N A F . . 
pact n-dimensional submanifold M of E with codimension 


oe 1 has vanishing homology groups H, (M" 7G) = (0) stone 
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N-n<k<2n-N for every coefficient module G . We prove 
this result using the method of [Moore 3] where it is shown 
that a conformally flat submanifold of sN can be lifted 
locally to a flat submanifold of the future-half of the light 


: ‘ : F 1,N+1 
cone in the (N+2)-dimensional Minkowski space E 


In Chapter 1 we study the linear algebra of the second 
fundamental form of a flat submanifold of a scalar product 
space, in Chapter 2 we study flat submanifolds of the light 
cone in Minkowski space. We prove in Chapter 3 that a compact 
n-dimensional Euclidean space form does not admit a conformal 


no ates ([Moore 3], Theorem 1) and 


immersion in Cue 
then the above cited theorem. Up to Chapter 3 we do not need the 
vanishing of the Weyl conformal tensor. In Chapter 4 we prove 
that a compact n-dimensional Riemannian manifold which is 
conformally flat af n24 and which admits a contormal ammer— 
sion in sN with NS2n-2 has a point p at which the 
positive index (i.e. the number of positive eigenvalues) of 

the Schouten tensor is at least 1 for N = 2n-2 ([Moore 3], 
Theorem 2) or 2n-N for Ns 2n-3 . In Theorem 4.4 we show 
that the Schouten tensor of a n-dimensional submanifold of 

gt (resp. BY) which is conformally flat if n24 has positive 
index (resp. positive index plus nullity) at least 1 for 

N= 2n-2 and 2n-N for Ns 2n-3 . Then we give necessary 
and sufficient conditions in terms of the Ricci curvature for 
the Schouten tensor to be necative (semi-)definite. Soa 

compact n-dimensional Riemannian manifold Mt with n23 which 
is conformally flat if n24 and has Ricci curvature 

ao = Ric A o? Pi a constant c€IR cannot be confor- 

S 


mally immersed in - As examples of conformally flat 


manifolds Moore studies space forms, we also determine the 
positive index of the Schouten tensor of Riemannian products of 
space forms with opposite curvature and warped products of s| 
with a nonspherical spaceform to get obstructions for the 
existence of conformal or isometric immersions of these mani- 


folds in sN (ne me (Theorems 4.10; 4.11). 
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1. Flat symmetric bilinear forms (cf.[Moore 2] ch.2) 


If we have an isometric immersion f:M"™ —> wr of a 
flat n-dimensional Riemannian manifold (M”,g) into a N-dimen- 
sional vector space wr with scalar product <,> then the 
second fundamental form 8:TMxTM—>NM at any point 
P€M is a symmetric bilinear fei en the tangent space TM 
at p with values in the normal space Ne at p which 
satisfies the Gau8 equation 


ali (e964 Nip Bly ,w)> = <B(x,W), Biya) = 0 


for all 2 (cE. [O'Neill] p.100). This leads to 
the following 


1.1 Definition. Let V vesp. W be a n-resp. m-dimensional 


real vector space. A symmetric bilinear form 
BW se WY HY 


with values in W is flat with respect to a non-degenerate 


real valued symmetric bilinear form (also called scalar product) 
psd is Wil en 
eit: eenameawialae x ,.°7 PZeRWaeees 
<B(x,z), Bly,w)> - <B(x,w), Bly,z)> = 0 


A scalar product <,> is Lorentzian if there is a basis 

Spree ere, of W with <e,7e4> =-1, <e,e,> = | tenes) ak 2 
and ON a =O sh sea 

For a symmetric bilinear form 8 : Vx V —> W anda vector 
x€V we have the linear map §8(x) : V—>W~, B(x) (y) =8(x,y) 
and we set N(8,x) = ker8(x) . Let gq = max{rk6(x); x€Vv} 

then x€V is reqular if rkB(x) = gq. N(8) = {x€V;B(x) = 0} 
is the nullity space of 8 
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1.2 Lemma. Let B:VxV —> W be a flat symmetric bilinear: 


form w.r.t. a scalar product <,> on WwW. 
a) If x€V is regular then for all n€WN(6,x) 


Im B8(n)liImB®(x) and Im8(n)cIm 6 (x) 


I) IGE Bp SLE) jor@Ssesize GlSieslinalecy Telovera 


dimN(8) 2 dimv - dimwW. 


Proof. Since § is flat we have 
S[S (aA) a B) ((e 5%) = 18 (lig p8<)) B(z,y)> = 0 


igope filil svprate WwW Gialiovers; el Inj (5) 384) 

Now we show Im8(n) ¢c Im8(x) : For y€V set g:R-—>R, 
g(t) = rk 8B (xtty) . We have g(0) = q and we show that there is 
Aueon> Oso with tty = Pore | cose. Ue B(x, 24) 4-1 B(X,24) 
are Jinearly independent and if 

WNC Ga ep Se ede 
there is a 6 >0 such that for all t€R with |t| <6 


re) is a basis for W then 


,e_) # 0 


SRM a ote) peel erence Sayqrs: ia 


Por t # 0 Wwe have SGixtey 1) — toly,m). tee. 

Bly,n)€ Im B(x+ty) . Now we show by contradiction that this is 
also true for t = 0 . Assume §8(n,y) ¢Im8(x) then there is 
a basis (Bierzi yr... B(xrZ.), B(n,y), 
and since 


Soro oa of WwW 


Get (B(xr2),-- +s B(x Z,); B(n,y), e -re) # 0 


Spies > © 
for small té€IR we have a contradiction. 

Now the proof of b) is easy: For a regular x€V_ and n€ N(8,x) 
we have froma) Im A&(n) 1 Im8(x) and Im£(n) ¢ ImB(x) so 

8(n) = 0 since <,> is positive definite. So we have 

N(8,x) CN(8) , therefore N(8,x) = N(B) since clearly 

N(8) CN(8,x) . So dimN(8)= dimker (8 (x): V —> W) zdimW-dimv. 
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In the sequel we will use the 


1.3 Proposition. Let (W,<,>) be a Lorentzian scalar product 
Space and 68 : Vx V—> W be a symmetric bilinear form flat 
Beeets <,> . If dimV>dimW and @({x,x) #0 for all x #0 
then there is a lightlike vector e€W (i.e. <e,e> = 0, e # 0) 


and a nonzero symmetric bilinear form » : VxV—> R_- with 
dimN(8-ew) 2 dimv -dimw+2 . 

Proot, Let x€V be regular, since dimV>dimW there is 

a ne€N(£,x) , n#0 . From 1.2 a) we have for all yé€V a 

Zoverwitn  f(n,y) = B(x,z) and 


SE (ins) o eilthenealbes te leat) yp lelGeiaie S10 


B8(n,n) #0 is a lightlike vector and let 
EAx;, Z) 


wm wh 
—~ 0 
3 
3.0 
to 


< 8(n,y) ©, = <6(n,y),6(n,n)> = 


=< e(h;y) pele,z)> = <2(n,x) ,6ly,2)> = 0 


so £(n,y) = aly)e, ; a(y) €IR because two orthogonal lightlike 


vectors are linearly dependent. So we have for all y,z€EV 


< Bly,z),e,> =<&(y,z),&(n,n)> = 


= <@(n,y),6(n,z)> = aly)a(z) <e,,e,> = 0 


Now extend (e,) to a basis (e, renreee re) with 


<€,1€5> = <e, res >= 1 - iz2 and Seas = 0 otherwise 
and write eS with m symmetric bilinear realvalued 
forms oy OOM >R , since <f(y,Z) ,e,> =Omeron alt 

7 pa (BAY o = 0) and einen) = | ‘so oy! ra (i) 4 iene 


W = span(e,,---,€,) pee= p-e,0' then —#(vxvV)cW . Since 


se ,7e4> = “ 2,0! is flat, so B is flat because 

<Bly,2) ,€,9) {u,w)> = 0 for all y,z,u,w€V . The restriction 
<,> | Wx W is positive definite so from Lemma 1.2 b) we can 
conclude (e=e,,0=') dimN(f-eg) 2 dimv-dimw +2 
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2. Flat submanifolds of the lightcone 


let Bees be the (N+2)-dimensional Minkowski space, i.e. 
pe endowed with the Lorentzian scalar product 
N+1 
TY 76.0 a5 } > o 
i=1 
wee is spacelike if <x,x>>0 , ight like 1 <x; seeere 


abel se <2 (0) hovel ieaieiiliiis cise <i pee << (0) 4G VA Mlsieinveilalye \Keercoie 


x = (XQ reer Xy 4) is future-pointing if Xp > 0 
quel = {xe ete 2 2p Se O , ee is the future half 


cN+1 is a semi- 


of the Jight cone. ihe induced) metric “on 
positive definite metric, its nullity space is tangential to 


the lines through the origin 0 . On the sphere 


oN = {xe cN*" ; xy = 1} <> induces the standard metric. Define 


+ N N+1 
op :mRxS —>C 7 P(X, (1,%')) = (91% OX") = XQ (1,%") 
at. Co es SP) ax 
then we have the 
2.1 Lemma. Let f : M’ —> a be an immersion of a n-dimen- 
Sional manifold into the sphere then the set 
Tt rw + ww 
(et< > pf om > Ga ip mt = £} of Riemannian metrics on Mm” 


induced by lifts f of £ into the future half of the Jake jlone 


cone is a class of conformally equivalent Riemannian metrics 


n 
on M 


PACLOYORE Every lift i oN => en Wee of f£:M" —> gl 


i ~ r 
can be written as f(p) =e Niel eae with a smooth function 
h : M’ —> IR . So given two lifts ee of f£ we have 
ae = 2 for a smooth function } : M® —> mR . Since 


sf, (p) ,£, (p)> = 0 we have <df, (p) (x) ,F, (p) > = in seared 


nO? 


oo! SOn fOr al lame oe we have from 


dF, (p) (x) = oP) Ca¥, (p) (x) + ad (p) (x) F, (p)) 
that 
< df, (p) (x) ,dE, (p) (x) > = 


d ~ Ae a ~ 
= @2 (Pp) | <a, (p) (x) ,dF, (p) (x) > + 24d (p) (x) < aE, (p) (x) ,£, (p)> + 


+ (Ad (p) (x))? < F, (p) /2, (p> | = 7) < a, (p) (x) dF, (p) (x)> , 


~~ ire 
so to<,> = aes 
2 
a 
We have as 
Peeecorollary. If mM” is a n-dimensional Riemannian manifold 
with metric o and f : Cs a is a conformal immersion 
then there is a lift #f: mM” —) ane aiighexe) eles) seibheybhes) lave\ilac. ye 


the light cone, which is an isometric immersion. 
Proof. We have the trivial lift f£ : mM” —> ec! and for 
an arbitrary smooth function A : M == hewthe itt 
£(p) = eerie) so by Lemma 2.1 we get 


x A 
f£*¥<,> =e f¥<,> =e eg 


n 


with a smooth function : M —>IR since £ is conformal. 


b 
Choose i’ =-2u , then a 


is an isometric immersion. 


A Riemannian manifold (M”,g) Tsvconcemmally flat 2 every 
jexoubigne (ope M has an open neighborhood which is conformally 

n 
equivalent to an open subset of Euclidean space E? , Let M 


be a conformally flat manifold with a conformal immersion 
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=' :uU—> a4 into the future half of the light cone with 


mf' = £/U such that the induced metric Ete > “treme ae 


To simplify notation we study the second fundamental form 
N+1 ‘ 
of a spacelike submanifold mM” of C (i.e. each tangent 


vector is spacelike). The second fundamental form 
: TMxT M —> NM 
: Pp Pp Pp 


at pé€M is a symmetric bilinear form on the tangent space at 
p with values in the normal space NM at p of the sub- 
manifold meg! N+ . TE y : (-e€,e€) —> M is a smooth curve 
Wateln  (((0})) = qe) ewavel se = 47U (((0))) televena, N(x poe) LIS} TEJaks) ipeuennell 


component of y"(0) . 


2.3 Lemma. Let M bea spacelike submanifold of the future 


of the light cone. Then we have for all Ss 
eV) = a eae 


(where we regard p asa lightlike vector). 


Proot. Take a smooth curve y : (-€,¢€) —> M with 

W(@) = yo , W'(O) 2 sk . Siliiea <=yel pye)S = © ere a « we 
gee, <¥(t),yite)> = 0 Sand ay (Ey (ela = <7 (e) a) 

Se) sli ltre) poe SS S(O) pyiCis = <avI(O)pwelG)\s = — —e pss 


since te Ls and by polarization we get the claim. 


If M is a flat submanifold of cNt! 


is flat) then from the GauB-equation we get that the second 

fundamental form 8 : TMxTM-—>NM at PEM of the sub- 
manifold McE|/N*1 3 - 
describe 8 by the 


(i.e. the induced metric 


is flat w.r.t. <p ese Ioi1])) sinc we Sein 


2.4 Proposition. If M isa flat spacelike submanifold 
N+1 n 

oie © , PEM ,NE2n—2 then one of tthe following conclu- 

Sions holds: 


198 


a) There is a future-pointing lightlike normal vector e€NM 
and a subspace v, of aM with dim Le 22n-N22 Ssuch that 
Oral x € “ and yé€ oa 


Sey) = € <x,y = 
(i.e. there is an orthonormal basis (C,7+-+/e)) of Boe with 
ene.) S 285 fom, (N= ne desn and all 4) 


b) There is an orthonormal basis (Sp hanes of Be 


(i.e. dim NUM = N+2-ne= dim ae! and exactly one future- 


pointing timelike vector = \Walielel «2 e, noe = leeendaanworenos 
normal basis (e, ASae re) ite TUM such that 
oa) =e, oe 


for all i,j . (So if N<2n-2 only case a) is possible and 


EOCEN = 2n—-2 both cases’ can occur). 


BEOof. a) If dim BE =N+2-n<n=dim aM we use Proposition 
eS Mncou <i (xx )i, pi = — <n, <> Or al lesqe foM swe have 
Sieg, OmeetoG allem xe ey OMeso Ehere as a lightilike vector 


e€N_M and a nonzero symmetric bilinear form  : ee xT M>R 


with dimN(8-ep) 22n-N . So for all xEV, := N(f-ew) and 
yE€TM we get 8(x,y) = ey(x,y) and 

eot,y),p> = (x,y) <6@,p>= -<x,y> . We can substitute 0) 
and e by dA and te Foie jf s2 (0) Gibveld icine KE ,joS = = | 
i.e. e is future-pointing and (x,y) =<x,y> so 

B(x,y) = e<x,y>. 


1) eee (claimeN Heese we use results of [Moore1] 
Set S(8) = {B(x,y) ;x/YE€T MI CNM wrt 508). 4 NM then 
from Corollary 3 of Theorem 1 in [Moore1] and from the above 
argument we get case a). If S(8) = N.(M) then 8 is non-_ 
degenerate and by Theorem 2b) of [Moore1] we have the existence 
of anorthonormal basis (C,7+++4e)) of NUM and n real 


forms 0 a a = Prose pial Veil 
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B(x,yv) = Ae 9500 6. (y) . Since <P GayieE> — =< ae 
Byreeer8, are linearly independent and we can choose Qe; and 
6, such that <e€,/P> ==] for all i = 1,222; end €sacery 
one - say 5G - is future-pointing timelike. Hence (6,,++-,8)) 
is an orthonormal basis for the dual space To of aoe and 
we have the dual orthonormal basis (Ce, r++ re) for ae 


with Bile, 7e,) = AS 


3. Conformal immersions of flat and conformally flat 


manifolds into the sphere 


Using Corollary 2.2 and Proposition 2.4 we can show 


3.1 Theorem ({Moore3]). If M” isa compact flat n-dimensional 


Riemannian manifold, then there does not exist a conformal 


immersion f : mM” —> gon=2 


Remark. Since eae minus a point can be mapped onto the 


Euclidean space oe by the sterographic projection which 
is conformal there also does not exist a conformal immersion 


fae Mes gone if m” is flat and compact. 


Proof. Assume f : M’ —> sh is a conformal immersion, 
NS 2n-2 . Then by Corollaray 2.2 we have a lift £— :™M —>cC 
into the future half of the light cone which is an isometric 


immersion i.e. M™ can be seen as a flat submanifold of eo] F 
Let ve Boe be a future-pointing unit timelike vector (i.e. 
v= (Vo rVareeerVy yy) ? Vo> QO nsw S Si) sta 

ho : Mm —> R,h, (p) = -<f(p),v> be the height function in 


the direction ©£f v . For a Gritical points pb sof h (then 


Os) we get for the Hessian 


ah, (p) (x,y) = ~<B8(x,y),v> 
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for all ey ee - Now from 2.4 we have in case a) a basis 
(e,,---7e,) of ee with < ee 2 = erNre scone Gisl IL al 
with N-n<i<n andall 4 and <e,v><0 since e is future- 
pointing. In case b) we have anorthonormal basis (e,,---,e,) 
of TM with Se — <8, 1V>654 for all) i,4 sand 
<e,,V> <0 since e, is future-pointing timelike. So in both 
cases there is x«€TM with ah, (p) (x,x) > 0 .-Since M is 
compact ho has a maximum pem where for all eed 

2 ; : 
d h(p) (x,x) $ 0 which yields the contradiction. 


We need the following local result. 


3.2 Lemma. Let M bea conformally flat submanifold of the 
future half at! of the light cone, pemM and 8 its second 
fundamental form at p .Then there is an open neighborhood U 

Pee Meno tp and a smooth function A : U —> R with 

A(p) = 1, dA(p) = 0 such that the submanifold 
Mimesii(ala:qe€ul of cY*’ ds flat. Since Alp) = 1, dA (p) =0 
we can identify then tangent spaces ea and Tu) and the 
normal spaces NM and N_(AU) at p . Then we have for the 
second fundamental form §&8 oye i Ehe 39) 


pee do A(plp) 


IDIACOE 5 Since M is conformally flat there is by Corollary 2.2 
an open neighborhood U of p anda smooth function 

h:U—> mR such that AU is a flat submanifold of C 
and such that for pem we have ddA(p) = 0 and A(p) = 1 


So we can identify the tangent and normal spaces of U and 


N+1 


AU at p.tLet y: (-e,e) —> U be a smooth curve with 


y(0) = p and x y'(0) then we have for Y = ry : (-e€,€)—> U 


¥" (0) = dA(p) y" (0) + 2aA(p) y" (0) + d7A(p) Cy" (0) py" (0)) ¥ (0) 
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and projecting into Ne gives 


B, (x) = B(x,x) + a7 (p) (x,x)p 


Now we can prove the 


3.3 Theorem ([Moore2]). If M’ is a conformally flat n- 


; n N ¥ 
dimensional Riemannian manifold and f£ : M — > 5 isa 


conformal immersion then the singular homology groups H, (M76) 


with arbitrary coefficient module are trivial for all k with 
IN| = Sol xe Je Bin = Ik] 


(The set {kEN;N-n<k<2n-N} is non-empty iff Nsgn-1 


or iff the codimension N-nsgn-1 aes 


Proof. Let 34 be the metric on M , we can choose a conformal 


equivalent metric g such that f : i sNa Nt is an 
isometric immersion. Let v= (@anen 1 be a unit time- 
like vector with <v',v'> = 1 and we can regard v' as unit 
vector of the Euclidean subspace 
N+1 _ Noa 
R = MO eae EE } 
n 
a : M —> R, h, (p) SS Si (a) Av S 
is the height function of M’ in the direction of v (here 


we regard f(p) again as lightlike vector in sve’, 


For almost all v gh, is a Morse function i.e. at each critical 
; ; 2 : 
point peM the Hessian d hy (p) is non-degenerate. So we 


can assume h to be a Morse function. 


N . : 
Bee = | Pe ay, (er is an affine euclidean sub- 


space of mee 


in which sN lies. Let 8: TM x T M—> NUM 
be the second fundamental form of f : M” —> ae then by 
Lemma 3.2 there is a smooth function A : U i defined 


on an open neighborhood U of p in M _ such that for 
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NG : 
AE : U-—~> C (Af)*<,> is flat and we have for the second 


fundamental form 8, : TMxT M —> NLM of the isometric immer- 


IN en 


Sion Af: U-—>E (where NM is spanned by N'!M and 


; p 

p ) the equation 8, = Bs d-\(p)p 5 We AS (G0see = Oye ed 
then 

B(x,y) = 8, (x,y) +<8,(x,y),a>p 
for all TRIE since B(x,y) € NIM - Since 
{keEN;N-n<k<2n-N} # g TLBEAE Nsan-1 we can assume 

dimN M= N-n< dimTM=n 

Pp p 

Since 8, is flat w.r.t. <,> we can use Proposition 2.4 case 


a) and the proof of Theorem 3.1: There is an orthonormal basis 
(e,,---,e,) of oe and a lightlike future-pointing vector e 
with 


< Beer. > aN Ae 
Poll! ge vwlen N—n isn and <e,v><0 since e and v 
are both future-pointing and e is lightlike and v timelike. 


So we get for a critical point peEM of h 


2 = - 
=< (6 h.(p) See > 2 lS ge ive Bos 5 
Perea <eC,V >t <e,a><p,v> for all i,j with N-n<isn. 
2 
Since ho is a Morse function pp #0 andthe index of d hp) 
iS Sioid (abe (<1) )) Che 2 Bolt bie [ate oe ey eyeyeehie ilove: 
fundamental theorem of Morse theory (see [Milncor]) we get the 


claim. 


A space form is a connected complete Riemannian manifold of 


Constanteseccilonal curvature  k 7, af 9k>O0 at is called 


spherical space form which then is compact, if k= 0 it is 
called euclidean and for k<0O is is called hyperbolic. 
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Space forms are the simplest examples of conformally flat mani- 

folds. That there is no conformal immersion of a n-dimensional 
: Dina Z : 

compact Euclidean space form into §& zs was proved in Theorem 


3.1, in 4.2 resp. 4.5 we will see that this also holds for 


compact hyperbolic space forms. For spherical space form we 


get (cf. [Moore 2]) as 
SoG Conte lilewsy - A n-dimensional spherical space form M’ which 


: ; : 3 : 
posesses a conformal immersion in sN with Ne5n-1 is 


isometric to a standard sphere of the same curvature. 


PHECYLONE x mM” is a Riemannian quotient sit where 
Sy icc |: |x|] =r} and T is a finite subgroup of the 
isometry group O(n+1) of SS . We assume I to be non- 


trivial so there is a cyclic subgroup &@ aI GE [SC ILE 
erder p . Let 7 co / 5S Ft he ae Riemannian covering 
so m7f : s"/Z ==> ay is also a conformal immersion. Since 

s” - 
up to dimension n_ so H.(S" / 2, pA eene «= (0) SS Ie 


Pp 
By 3.3 mf cannot be a conformal immersion. 


is (n-1)-connected So = is a classifyina space for Z 


Since the connected sum M, #M, of two conformally flat mani- 


folds M, and M, has a conformally flat metric we get as 


jac COEGI Lary. hess M. be a n-dimensional spherical space 


form which is not simply-connected and let My be any compact 


connected conformally flat n-dimensional manifold and 


n n 6! P 
M =M, #M, be the connected sum with a conformally flat metric 


then there is no conformal immersion f : von —> oN abjence) jelse 


sphere with Ns3n-1 E 


Proof. Since for the homology groups of a connected sum we 
have 
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for 0<k<n-1 we get from the proof of 3.4 that H, (M7) 
is non-trivial for a prime number p and all k with 


0<k<n-1 which contradicts Theorem 3.3. 


Remark. If N =n+1 in Theorem 3.3 we get that a conformally 
flat hypersurface of lal or ae can only have non vanishing 
homology groups in dimension 0,1,n-1,n and that at each point 
there is a principal curvature (i.e. eigenvalue of 8 ) which 


MaseitberpLrcity (n—-1) (ci. [Lafontaine] D.3)). 


pe ecal sand Gilebal metric obstructions for n-dimensional 
Riemannian manifolds with vanishing Weyl conformal tensor 
to have a conformal or isometric immersion into 


genn2 a. pene 


Let V be finite-dimensional real vector space 
h,k : Vx V —> IR two symmetric bilinear forms, then we have 


the Kulkarni-Nomizu product h-k 


hos x yy, 2,w) = Rix, 2) kly,w) + bly -w)k (x,2) = 


= h(x,w)kly,2) = hly,zyk(x,w) 


h+-k is then a 4-covariant curvature tensor 
(er. [Lafontaine] B). 

If R is the curvature tensor of a Riemannian metric g , 
Ric the Ricci tensor and s the scalar curvature then the 


Schouten tensor h is defined by 


and W=R-g-h is the Weyl conformal tensor. For n= 3 W=0 
Bormallometrics, for n24W=0 iff mM’ is conformally flat 


(Gt, [Mestemnezialine | (Qe 
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Now if V and W are finite-dimensional real vector spaces 
and h,k : Vx V—> Ware symmetric bilinear forms with values 
in W and if <,> is a scalar product of W we can define 


similarly to the Kulkarni-Nomizu product the product * : 


h«k(x,y,z,w) =<h(x,z),kly,w)>+<hly,w) ,k(x,z) > - 


Shit, Wh kKiy,2i> —<hly,z) 7% (x,w) > 


which again is a 4-covariant curvature tensor. So a symmetric 
bilinear form 8 : Vx V—> W is flat w.r.t. <,> iff 

B*B= 0. (cf. Definition 1.1). For two symmetric bilinear 
forms ¥ : Vx V—>R,k :VxV-—-> W anda vector p€w 


we Gees 
(1) k* (¥p) = Y«<k,p> 


With this product we can write the GauB equation of an isometric 
immersion f : M—> W into a vector space with scalar product 


<,> and second fundamental form 8 : ee tae —> NUM as 
AAR = 1h & 8 
Now we get the 


4.1 Proposition. Let (M",g) be a n-dimensional Riemannian 
Mea IEG Il (Ga 2 3) gievel 19 RIES Selavoiucein ieernsiene . 


+ : : : f ; : 
a) Ie sc — et 1 1s an isometric immersion into 


the future half of the light cone (or especially 
feet es glee) and 8 : TMxT M—> NM the second 

n Pu+1 Poa N+1 n 
fundamental form of f£ :M -—>C Sig ’ Ghe jo (S mM then 


we get for the Weyl conformal tensor W at p 


2W = (6 + h#(p)) = (8 eeie)) 


N 
b) i oe { (ieee: ae 


is an Euclidean subspace of the Minkowski space introduced in 
Chapter 2 and set 
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W/V ye, ...,0) © = (=e, 1/72 Oe. es 0) 
Tf £: Mm? — Neer. : f ; F é ‘ 

= >) 5 1s an isometric immersion into Euclidean 
space and 8 : ae x ae —> NM its second fundamental form 


at p€M then we cet for the Weyl conformal tensor W at p: 


2 (s ej = nie) CS + ie = Jove) 


PIECOE 


a) (BitareD)) « (6 +h (p)) 


= B*x 8+ 2(hf(p)) * 8 r since <f(p),f(p) >= 0 
= 2R - 2heg 5 since) < fio), 68> =) =o) (et. aac) 
= 2W 


Di <—q,q>=<r,r>= 0 , g,rikN,<q,r>= 1 


so 
(is =* Gey = lake) xz (U8) ah pepe Jewe)) = (See (3 = Arey G Jol PA Arey GO Noles Ay 


Now we can prove the 


4.2 Theorem (cf. [Moore3]}) ie (M",g) is a compact n-dimen- 
sional Riemannian manifold (n23) with Schouten tensor h 
which is conformally flat if n24 and if f : Mw —> ay ' 
N<2n-2 is a conformal immersion then there is a tangent 
vector Se nee eae tO eet  N<2n— 2 then theres 
a point pé€M where the positive index (i.e. the number of 


positive eigenvalues) of h is 22n-N 


n tal 


Proof. By Corollary 2.2 there is a lift F: M™ —> c™ 
into the future-half of the light cone which is an isometric 
immersion. Let ven be a future-pointing timelike unit 
vector and hy : mM” 7 RG NP) =-~<f(p),v> the height func- 
flower tie ducection Of Vv = solnce M is compact there is a 


maximum pem™ of ho . For the second fundamental form 
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BR: ae 1 ar NoM of Fim —> eM! Ct peM owemmave 


a°h, (p) (x,y) = -<8(x,y) ,v> 


for all x€TM and so <&8(x,x),v>20 for all on since 


p is a maximum of hy ~ Since by 41a) 
+ hf : TMxT M—> NM 
B (p) p p p 


is filat (£(p) € NM since £f(p) is lightlike cf. the proof of 
2.3) because W = 0 there is by Proposition 2.4 a vector sub- 
space V5 Oe ies with ca He NS A= 2  svavsl 

a 22n—-N if "-N<2n—2 and a future—-pointing Mightiake 


@ie tahiti Weerom G2 Sitielo ieldene 
e<x,x>= B(x,x) + h(x,x) £ (p) 
So we get 
OS <6,v ><x,x > =< 8 (e,x) ,v> + h(x,x) < tio 


from which we can conclude h(x,x)>0O for all ae a since 


<f(p) ,v > <0 auotsl << (Nay Seo) = 


4.3 Remark. In Proposition 3.2 we considered a conformally 
flat spacelike submanifold M of the sphere sy and for any 
jos ib el oyonelay ae ieKoteeyny ON 8 10 => Rp) defined in an open 


neighborhood of p in M such that AU is a flat submanifold 


of the future half of the light cone and i(p) = 1 aX (Pp) = 0 
Then the second fundamental form By of AU considered in 
the Minkowski space pee) is flat w.r.t. the scalar product 


1,Ne1 


Spo ©1 1 and we have the equation 


By = B + a pie 
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Then 8, ; B. = 0 yields for the curvature tensor of U at 
p: R=d A(p)*g . Since R=g*h and h is uniquely deter- 
mined by this equation ([Lafontaine],B) we get 


h = a°A(p) 
Using 4.1 we can also prove the following local. result. 


4.4 Theorem. Let (M",g) be a n-dimensional Riemannian 
manifold (n2 3) which as conformally flat if n24 “and 


let h be its Schouten tensor. 


a) If there is an isometric immersion 
f:M —>S , Ns 2n-2 A 


then we have for all points pem™ a tangent vector xe 
Caen xe ess) oO ee ie Nia e themeror ali points the poss 


tive index of h is 22n-N 


b) If there is an isometric immersion 
f:M —>E , NS 2n-2 


into Euclidean space then we have for all points pem a 
tangent vector Se ye es ) uel ine ee) 2) 4 Ine Wx Ano? 
then the sum of the nullity and the positive index of h is 
22n-N (the nullity is the dimension of the nullity space 

N (h) ) 


Procft. a) het 6 : T Mx a —> NUM be the second fundamental 


{| gitlse | 
form of f : M’ —> BY*! with FE loco er!’ } 
ee cf! ney! . Set 

8 = p40 he : TMxTM—> NM 

B B (p) p p p 

: n AL plier | 
where Me is the normal space of £ :M -—>E , SO 


NUM is a spacelike subspace of ae of codimension 1, NUM 
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is spanned by en and f(p) . Now 


£6(x,x),£(p) === Ble x) Oe = = 


(cf. 2.3) so @(x,x) #0 for all x #0. 6 is flat w.r.t. 


<,> as was shown in 4.1 since now W = Q . So by Proposition 
2.4 and the proof of Theorem 3.1 there is a subspace Vo of 
ue Wake climwW = 1 ie MWS Aga=> 4 eigvel Glilim toe Pao = IN LAE 


N<2n-2 and a future-pointing timelike or lightlike vector eé 
SMCs tele aeore Ell fe EW we have 6 (x,x)) = @=<x,)x% > eeloo re: 
es we have < 8(x,x),B(x,;x) > $0 and with §8=8+hf(p) 
we get 0 2<8(x,x) ,B(xX,xX) SS ice (bene) pilispos) > = Zlail(e5ss)) << oe ok S 
Saline << [sh(5ep5%<)) pie (jo) SS ae Hep S Bugis! fe) Geope >< ca 0) [SiGe ps2) se Wl 
and since §(x,x) lies in the spacelike subspace a we 
Imenyie Imi(Se_d<)) 2 @) ieee eyilIL ey nse 3 
b) 8 : TMxT M—> N'M is the second fundamental form of 

n Py P. nP il ihe y 
f :M —>E with E = (Reo | platy 4 and let 
NM be the normal space to TM in E1,N+1 7 SO) NEM Sea 
spacelike subspace of NUM of codimension 2 , Ne is spanned 
by NGM aridlss auc aswatin, wo (Clr Deity O-, Ogmen, 0) 
ey lf y 270 cee 0) re Wemset 


8 = 8 + gq - hr 


as in 4.1 b), then 8 is flat since W = 0 and < B(x,x) > Ci, 
so £8(x,x) #0 for x #0. As above there is a subspace V 

one NM Rabie Clim We alae ON SOD Ehoel ChumW. 2 Anom ae 
N<2n-2 such that 8 (x,x) is timelike or (ieee Ome celal: 

x EV, x # 0 . Hence 


0 226 (x,x),6(x,x) > =< (=,2) ,B(x,x) > Slee) ex = 


for all ge and h(x,x) 20 since 8(x,x) lies in the 
Spacelike subspace No M 
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Now we give necessary and sufficient conditions for the Schouten 
tensor to be negative (semi)-definite at a point in terms of the 
eigenvalues of the Ricci tensor. If the Schouten tensor is ne- 
gative (semi-)definite then all eigenvalues of the Ricci tensor 
are negative (non-positive) and do not exceed to much, more 


pEmeemse ly: 


ao Proposition. eet (M",g) be a Riemannian manifold, pem™ 


and (e,,---/e,) an orthonormal basis of ee with 


eo) = MP ae 5 Ay eae Sr, - 


a) If h is negative definite, then all eigenvalues Ay are 
negative and 


2 n = 3 al * < 
aL at V1 1 


b) If h is negative semi-definite, then all eigenvalues A 


are non-positive and 


2a ds < As n4 S Ay 
a=" 
Remark. This inequalities could be sharpened. 


Proof. We use the definition of h given at the beginning 


Crees chapter : 


n 
0 22(n-1) (n-2)h(e_,e,) = (2n-2)0,- 2 A. 2 


see 
2 (2n-2)r, - nr, = (n=2))_ 
So A, 20 and 
Ge 2 (nai) (n=2) ne Ge, = Se 5? 


IV 


(Zia = (=A 
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Now we give sufficient conditions for the Schouten tensor to be 


negative (semi)-definite at a point p: 


: : n 
4.7 Proposition. Iie (M",g) is a Riemannian manifold, p€EM 


Aieisl alice siene I see wi, ser 0) tele Ruvetea ule wencbire 


Ric(x) = Bi¢l®*) satisfies: 
g(x,x) 
zZ 
a) = o- £ sue ()) S = sic 
Waliels GEIIk F ee a then h is negative semi-definite at 
Pp 
2 : 2 : : Sees 
b) = (Cm = Rickie.) < ~s¢ then h is negative definite at p 


Proof. Take an orthonormal basis (e, ie --7e)) of TM then 


by the definition of the Schouten tensor we have: 


n 
Jado een)—aen—2) Rielle) i ne Ric(e,) = 


= (2n-3) Ric(e,) = Oy SEEN) s | -(2n-3) PS +n-1| Cm=10 


So we have from the Theorems 4.3, 4.4 and the Proposition 4.7 
the 


4.8 Theorem. Let (M",g) be a n-dimensional Riemannian mani- 
wolysl (i = 3) Helutfelai als} eroinicepaatliy iileie aaF m= 4) sual 


a ones 


a) If mM is compact and at all points pé€M we have for 


(elnk> RoeCI, Ewiayenebias were ELI 52 aM 
2 : 
Ser ss ke Gx) < =6 © ; cé€lR 


then there is no conformal immersion f :M —> 5 
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b) If there is a point pem” with 


-3 0° (or - Ke < Ric(x) < - 6,c°) 


HWA 


ee S Rie(x) 


for all x € TM then there is no isometric immersion 


aa —> gone (or f ; mM? —, pen? ee 


4.9 Remarks. a) So obviously a compact n-dimensional 


hyperbolic or Euclidean space form cannot be conformally immersed 


; 202 
im s° - Even locally an n-dimensional hyperbolic space form 

Ba Z 
E 


cannot be isometrically immersed in and an Euclidean 


or hyperbolic n-dimensional space form cannot be locally iso- 


metrically immersed in ae (this was shown by [Cartan]). 
b) For n= 3 there is in Theorem 4.8 no restriction on the 
metric besides the pinching of the Ricci curvature with 
$3 = 4 - Since the sequence 
= aves! 2 ih 
es Carey, €(3+2 | 
is monotone decreasing one could choose on = < in Theorem 4.8 


to get a pinching-condition which does not depend on the 


dimension. Now we will give obstructions for Riemannian products 


n n 
(M,'49,) ol,” 1a) with vanishing Weyl curvature to have con- 


formal or isometric immersions in the sphere or Euclidean space 
n 


im 
F 2 
of low codimension. The Riemannian product (Mm) '4g4) x (M, 155) 


is conformally flat if and only alie ny = 1 and M, isa 
space form or if Mm, and M,* are both space forms of dimen- 
sion at least two with opposite curvatures. ([Lafontaine]D2). 


Then we get the following 


A, jimi 2 2 7 Sap Ga) —Etoyel ak=he (My +94) 


Iv 


4.10 Theorem. Let n 


be g! for m= 1 and for m22 be a compact m-dimensional 


n-m 
space form with positive curvature k, and let (M, 155) 


be a compact (n-m)-dimensional space form with negative curva- 


ture k, and k, = —k, ieee eEhenmthenre as noe conkor— 


mal immersion 
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= N 
f£: (M",g) := (Mj) x (M, ° +95) =e 


with N<2n - max{m,2} and there is even locally no isometric 


immersion of M” into ee or Ee ON < one max{m,2}. 
m n-m 
Proof. Let p= (p, 1Po) € M, x M, and fe, Aaod re.) and 
i T M and T M 
(ener ten) be orthonormal basis for Py 4 By 2 


Then we have for 1Si<m for the Schouten tensor of M at 


Pp: 


n 
(2n-2) (n-2)h(e, ,e;) = 2(n-1) Ric(e,) - 2 Ric(e.) = 


2(n-1) (m-1)k, -m(m-1)k, - (n-m-1) (n-m)k, = 


(n-1) (n-2) (-k,) > 0 for ia = 3} 
fiiowsl SE@HE jul ae | S ob SS i) 


(2n-2) (n-2)h(e,,e,) = 


= 2) (n=1) (n-m-1)k, ~m(m-1)k, - (n-m) (n-m-1)k, & (0) 


Sly rela jerolsalieshy7S aboveleb< @ie iy Ge je) als) ie aiteve! Joy Maveveneyin 4) 2 
resp. 4.4 we get for the positive index of h at a point resp. 
all points since h is non-degenerate the lower bound 2n-N 
if there is a conformal resp. isometric immersion Me sN F 


NS2ni— 2") SOmtn, oun case em 2e2ni— Nor Nes en — mM 


Another example of a conformally flat Riemannian manifold is 
the warped product mM” = g| x en where Mee is a (n-1)- 


£ dk k 
dimensional space form of curvature k, f : s| = is 
smooth and the metric g on the differentiable product 
alls mp is defined by dt? 4 (yan where 


(Epp) ee a Bee the standard metric on sg! and Ty 
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1 


the metric of a (Ch wlOrNeriiiop, 204 and [Lafontaine] Dp. 1), 
4.11 Theorem. Let n23 and me be a compact (n-1)-dimen- 
sional space form with non-positive curvature k , f sg! = IR” 
be a smooth function and mM" = s| a be the warped product. 
Then there is no conformal immersion of M™ into gees and 
even locally there is no isometric immersion of Minto 
Be (O(resp. E*™ > Gf k<0 ). 
1 io : n 
Broo. Let (t,p) €S x My. be a point of M and 
(e,,-+-,e)) be an orthonormal basis of TM _ such that 
e,€ is i a and (€5,---re,) is an orthonormal basis 
| cla eee 
i 
of Tee Ss al 
Using Corollary 7.43 of O'Neill we get 
Rosie, jea) = = (n= 1 
pada a f 
BAnOmeEor 2 = =n 
k(n-2) _ £" fale 
eee 
and Ric(e,,e.) =" tor 3 ¢ g = the scalar curvature ss “is 
Hie 


then given by 


n 
t 


= Ric(e,,e,) + (n-1) Ric(e,,e,) 


2 
W k iz 
-2(n-1) F + (n-1) (n-2)%5 ~ (n=1) (n-2) (4) 
and so the Schouten tensor can be computed: 
2 
A ifies gee 
Dee = nz +3 (4) i 


= el) 
h(e,,e,) Riss) 3 
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and h(e,+e5) = 0 for i #4. (In the second formula the 
second derivative of f does not enter). 

So for ks<0 the positive index of h is at most 1 and 
for k<0O the negative index is at least (n-1) , therefore 


the claim follows from the Theorems 4.2 and 4.4. 


a 
Ws 2 (Sere Levay - Let n23 and mee be a (n-1)-dimensional 
Euclidean space form and f : s| = ny be a smooth function. 


Then there is no isometric immersion of the warped product 
iol car wet n=-1 2n-2 


M =S5S X~ My into § A 
Proof. 1 8 s| Sa posseses a minimum té& s| with 
E"(t) = 0) and £"(t) 20 2 Then the formulae for the Scheourcen 


tensor h in the proof of 4.11 show that h at a point 


GE PID) 5 pem, | is negative semi-definite. 
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Compact Conformally Flat Hypersurfaces 


Ulrich Pinkall 
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ene 


GQ IMaicacterolbleh esifotel 


Which compact n-dimensional conformally flat manifolds (M”,g) 


- 2 . Fi iglay 
admit a conformal immersion as a hypersurface in IR : 2 


For n=2 this problem was solved by A. Garsia ([5], see also 
[9]), who proved that every compact Riemann surface (Mg) 
(being always conformally flat, see chapter 1 of these notes) 
can be conformally immersed into >. 

For conformally flat 3-manifolds there are some known 


obstructions to conformal immersibility into rR’ fy, but sin 


general the above question is open in this case. 


: + 
For compact conformally flat hypersurfaces mM” in Rm" ue n2>4 


the problem is solved to a large extent. In particular the 
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n=1 1 
possible topological types of M” are known: Let S a S 


denote the n-dimensional Klein bottle (n stands for an 
n-1, 


orientation reversing isometry of S 


n 
Theorem 1 (do Carmo, Dajzer, Mercuri [3]): Let (M',g) bea 
compact conformally flat manifold, n24, 


1 a conformal immersion. Then for some 


f:mM" > ee 
k>0O M” is diffeomorphic to 


n-1 


(4) (oe ele Soe ay 


Ss 
k copies 
aie mM is orientable 


n-1 n-1 


(14) is!" ' 2 s5!)x...xts 


k copies 


' Tee ; 
if M is nonorientable. 


Also the extrinsic geometry of compact conformally flat 
hypersurfaces in ice n24 is well understood ([3], see section 
2 below). Here we will determine in addition the intrinsic 


conformal geometry of such hypersurfaces: 


Theorem 2: Every compact conformally flat hypersurface in 
4 
mt! , n24 is conformally equivalent to a 


classical Schottky manifold. 


Classical Schottky manifolds are constructed as follows: 


Start with the standard sphere (So .da) and 


(at) closed round balls Bireee By and 


~~ 


Byre ++ By which are pairwise disjoint. 
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(aval) Mébius transformations fee oS) such 
that 
° ea ns? 
fe (B,) =S§S B,. 


(B, UB.) 


k 
Then the quotient space obtained from Soe A 


i=1 


by identifying dB. with aB via ft. Carries in a canonical way 


the structure of a compact conformally flat manifold. 
Theorem 2 is stronger than Theorem 1 because of 


Theorem 3: For n23 and k22 there are conformally flat 


Sneseakess} (oj (Chal 
ves GUT Sree cmc 


k copies 


such that (m™,g) is not conformally equivalent to 


a classical Schottky manifold. 


It still remains an open problem wether every classical 


Schottky manifold (M",g) admits a conformal immersion into 


Tea . To illustrate this problem we will look more closely 


at the case k=1. Orientable Schottky manifolds M” with k=1 


are diffeomorphic to ena xg! and can be described as 


=- TRL 
ie is 


where A >O, g€SO(n). In section 4 we will prove 


Theorem 4: There is a number Ao >O such that for A>do all 


n +1 


: , ; n 
hig admit conformal immersions into IR 
tf 


M 
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On the other hand there is some evidence for the conjecture 
n 

that for g far from the identity and i small eG cannot be 
. n+1 

conformally immersed as a hypersurface in IR" , but we are 


not able to prove this. 


2. Conformally tlatehypersunreces 


Throughout this section (M",g), n24 will denote a compact 


conformally flat manifold, ee age 


a conformal immersion. 
Recall (E. Cartan [1], see chapter [3]) that at each point 
bem” there is a principal curvature i» of multiplicity n or 
n-1. Let UCM” be the set of non-umbillic jsemivVes, Bo@5 wae 
set where N has multiplicity n—1. Hor pe Ul let Doct 
denote the eigenspace of the second fundamental form which 
corresponds to A. The following facts are well-known. The 


most crucial part, the completeness of the curvature leaves 


in (ii), is due to Reckziegel [8]. 


(i) The distribution ts on U is integrable and 
therefore leads to a foliation of U by so-called 


"curvature leaves". 


(Ge) All curvature leaves are compact and are mapped 


by £ diffeomorphically onto round (n-1)-spheres 


; co 
in in Ue 


(iii) Along each curvature leaf the hypersurface f is 


tangent to a fixed round hypersphere (or 


hyperplane) in Roe, 
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(iii) follows from the fact that A is constant along each 
curvature leaf, which implies the same for the corresponding 


~ 
1 U {ao} (Nem +s" eR! the unit 


focal point f-ANE IR” 
normal vector field satisfying XN=AXf for all tangent vectors 
X€D). (iii) can be rephrased by saying that f U is the 


envelope of a 1-parameter family of hyperspheres, i.e. a 


"Channel hypersurface". 


VOR be an affine function such that hof:M’ +R 


Let now h:lR"™* 
is a Morse function (such h exists [6]). Then hof has a certain 
number of minima and maxima, all in Woeeetdle and some critical 
points Pyreee Py €U of index 1 or n=-1. Through each point Pj 
we have a curvature leaf L (an (n-1)-sphere as we know). 
Taking into account the possibility that there are several 


Pp; on the same leaf we thus have finitely many curvature 


leaves L, ‘earage La such that on the complement of L, Uae Woe 


™m 
all critical points of hof are minima or maxima. 
Each leaf L, has a neighborhood ae diffeomorphic to 
a! x [-1,1] such that OV. consists of two curvature leaves. 


Each v5 is a simply connected conformally flat manifold with 
boundary, hence there is a developing map 0, 3 vV,~s" (see 
chapter 1). f maps 3V,; toa totally umbillic submanifold of 
m°*1 | which implies that 3V, is totally umbillic in (M",g). 
This means that o maps each component S of OV to a round 


sphere o(S) in s". Some collar C of S in wey is mapped to a 


one-sided collar o(S) in ae (Figure 1). 


222 


V: 
Sc) , 
f \ : 
—_ 


Figure 1 


Let B denote the component of Seen (ch which is disjoint from 
o(C). We use o to glue B to Vy° Proceeding similarly with the 
second component of av, we obtain a compact conformally flat 
manifold V5: o extends to a local homeomorphism Ge Sen 
Since Vi is compact, o must be a covering map, hence a 
diffeomorphism. This implies that 0 was an embedding. We 


record this as 


Lemma _1: Each Ve is conformally equivalent to 


Ss, Ue) where B, By are disjoint closed round 


balls ins”. 


Applying the same argument as above to the components 


n 
Myre+erM of mo - U, V,; we obtain compact conformally flat 


manifolds Myr++-Mg without boundary. Moreover by fact (iii) 


recorded at the beginning of this section we can extend flu 


coud Crepe ton f.:M, oR! such that f i ; 
‘cates : ie 


Cora llveumbarielsites 


Note that the height function hof, 2M, 7 IR has the following 


jeletoyoroin ie wieKs) 4 


Zoo 


(1) hof, is a G =eamorionn nies snes outciae 
OM. cM.. 
ae a 


(Gian) hof, Has ne ‘critical poincs on OM, 


(212) All) critical points of hof, are nondegenerate 


minima or maxima. 


Thus we can approximate hof, by a C Morse function g:M, +R 
all of whose critical points are minima or maxima. By 

Morse theory then S; has in fact only one minimum and one 
maximum and M, is homeomorphic to the sphere s”. Thus the 
developing map o, :M, 2S" is a diffeomorphism and as in the 


proof of Lemma 1 we conclude 
a 
Lemma 2: Each M. is conformally equivalent to iar Bi 


where Bi,cs" are disjoint closed round balls. 


Summarizing Lemma 1 and Lemma 2 we can reconstruct the 


conformally flat manifold (M”,g) as follows: Start with 


n 


m+q of the standard n-sphere 


finitely many copies Sh sags 


and remove from Sle disjoint round balls Byree+ Bye 


g 

kK’ Assuming ies, eas identify oB, with dB, 

via a MGbius transformation Fi: S. > Sy 
a 


Bee. 8 
ak 
To finish the proof of Theorem 2 we only have to show that 

n : : n 
(M_,g) can also be constructed using only a single sphere S , 
cutting round holes and identifying the hole boundaries via 


Mébius transformations. This can be done using an induction. 


on m+q, which is left to the reader. 
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3. Non-classical Schottky manifolds 


There is a slightly more general notion of "Schottky 
manifolds" than the one given in the introduction: Start with 


the standard sphere s” and 


(aL) smoothly embedded closed n-balls Byre++ By 
Byr-- +B, in S" which are pairwise disjoint. 
(ii) Mdbius transformations Eyres rt, : S”° +s" such that 
° pe i es 
£, (B;) =S By ° 


Then as before the quotient space obtained from 
k 2 
gh =U (B, UB,) by identifying 9B, with 3B, via f, carries 


i=1 
the structure of a conformally flat manifold mM”. Assuming for 
the sake of simplicity that the ft. are orientation presering 
it is clear that M” is diffeomorphic to a connected sum of 


copies of a. al 


~ 


If the n-balls BireserBuy Bree B can be chosen as round 


k 
balls the Schottky manifold is called classical. We will prove 
Theorem 3 be exhibiting for k22, n= 3>Sehottky manitolds 


which are not classical. 


The construction will use an induction on n. Actually we start 
the induction with n=2, keeping in mind that a "conformally 
flat structure" on a two-dimensional surface should be 
interpreted as a Mébius structure (see chapter 1). For n=2 
Theorem 3 was in fact essentially proved by Marden [7]. 

His proof needs only the following noaverestion: 


Marden uses continuously embedded 2-discs ByreessByy 


225 


Bir--- 7B, in his definition of a Schottky surface. However 
inside me the curves OBS correspond to simple closed curves, 
which can easily be smoothed. Lifting the smoothed curves 
back to Se we see that every Schottky surface in Marden's 


sense is also Schottky with our definition. 


Suppose now we are given an n-dimensional non-classical 
Schottky manifold mM”, constructed as above using smooth balls 


Byr--+1By, ae eee and Mébius transformations 


Eire--r fy : S" +s". Realize S" as a round hypersphere in ay 


Then the £i,-+-,f, can be uniquely extended to Mdbius 


n+1 n+1 
= 


transformations Fyreee Dy Be s - We now construct 


pairwise disjoint smoothly embedded (n+1)-balls Cyreeer Cry 


al such that 
fi ~ n_» 
(i) Cras B. ; c,ns = Bi 
© n+1 ~ 
(ii) g,(C,) s C,- 


Afterwards we prove that the Schottky manifold defined using 


orp © and g,,---,9, is non-classical. Set 


Corecess k 


jew 
C, =U{round balls cesT }ac15" and cns™cB,} 


Ti cad 
@, =U{round balls ccs"*'|acis” and cnscs”-B,}. 


Then obviously aC is c! at ac, ns” Cina ct ac, is orthogonal 


to SPs To see that aC, is cl everywhere note that each of the 


two components of ELA i can be considered as a Poincaré 

ae ee 2 : 
model of hyperbolic (n+1)-space H™ C, NH is then just 
the convex hull of B, cs = Tees The smoothness of 


penn | is then easier to discuss in the projective model of 
ak 
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u+1 and is fact established by the following lemma: 


Lemma 3: Given a smoothly embedded n-ball Bes” on the 


1 (= ioe let 


F n+1 
conv(B) denote the convex hull of B in R . Then 


: n+1 
3 conv (B) np®t! is a smooth hypersurface in R : 


+ 
boundary s" of the standard n-ball p” 


The proof of Lemma 3 is left to the reader. It is easy to see 
that Cyreeer Cy Coase Cy and Tyree Ty meet all requirements 


listed in the definition of a Schottky manifold. It remains 


; a A 
to show that the corresponding Schottky manifold mM” l is non- 


classical. 
: , + 
Assume me is classical, i.e. mM” : can also be constucted 


using round (n+1)-balls D,,...,D,, Dea eee and 


n+1 n+1 n n+1 
> 


Mobius transformations Ayreee shy : is S a vieeceM is by 


construction a totally umbillic submanifold of ee whose 


universal cover M” is mapped by the developing map 


x 4p 2 ae ; 
cr | ashes to a round n-sphere Seaton : S” is invariant 


under the holonomy representation of oul (see chapter 1 
for definitions), in particular under the Médbius 
transformations Ayr-e+-/h,- Hence M” can be constructed by 


removing from s” the round balls D erga Dice 


1 
~ n & n : : 4 

D,Ns reeeeD AS and identifying the boundary components of 
the resulting manifold with boundary in pairs via the Mdbius 


transformations hj. This contradicts our assumption that mM” 


is non-classical. 


4. Channel tori 


In this section we investigate a special class of compact 
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conformally flat hypersurfaces M immerced into Rt, called 
channel tori. Our treatment is a modernized version of the one 
given by Garsia in [4], who was interested in the case n=2. 
Roughly speaking channel tori are envelopes of one-parameter 


families of hyperspheres. 


The precise meaning of "envelope" is provided by the 


following setup: Let mM’ ec s™ xs! be a compact submanifold and 


(| ab 
£:S"xs +m" t be a smooth map such that the following 


conditions are satisfied: 


Co ee a ee is an embedding of $" x {t} onto a round 
Saxe! 


1 1 


hypersphere in cal one fUlil yee Sy  . 


(ii) Mes” sh is transversal to the submanifold 


1 n 


ee mitch for all t€S . Moreover for all (p,t) €M 


we have 


af ( hee afl, (S°x16)) Ie 


Pet)” p,t) 


It is an immediate consequence of (i) and (ii) that 


+1 


ie iM > RR" is an immersion. We will show below that mM” 


M 


with the induced metric froae | 


is conformally flat, in 


: n 
fact we will construct a conformal diffeomorphism between M 


n 
A4g 


Our main concern will be to obtain some control over i and 


and M (see the introduction) for some AER, gE SO(n). 


the conjugacy class of g in SO(n). 


ari] ¢ 
We first investigate the map F:s" x R> BR" : induced from f by 


composing f with the universal covering projection 


s™ x R= Oey as xc) We consider s” x TR as an s"-bundle over 


IR endowed with the product metric. 


228 


Lemma 4: There is a fibre-preserving diffeomorphism 


h:s'x R2S"x IR such that the map 


1 


$=Foh : s®x R-m™"' has the following properties: 


! is a conformal embedding 


(G4) fF). s®x{t}oR™* 
S xt 


onto a round hypersphere for each t€R. 


aoe 


n 
= (s™x{t})] 


Gay 62 (2) 4 afl 


(p,t) (p,t) 


one Bll (Geipie)) & Ss" me TEL 


Preors We define a "time-dependent vector field KR, te IR on 
Ss” as follows: For jo @ cr tem let x € es be the unique 
tangent vector (see property (i) at the beginning of this 


section) satisfying 


orthogonal a® G25 
projection of (Gap18)) “ee 

O)) eas ty ,O) = « < ' 
onto aT Ot) Coase eda 


Here we have used the obvious splitting 


(2) (S"xIR) = TS @ R. 


T(p,t) 


n n ~N 
Moreover let H,:8 >S be such that the map pr f(H (p),0) is 
conformal and define diffeomorphism hes oa by the initial 


value problem 
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It is easy to check that @ =Foh with h(p,t) =h, (p) satisfies 
property (ii) of the Lemma. It remains to establish property 
COBror this his Let Sy denote the metric induced on s” by the 
embedding p>f(p,t). Then ope is the standard metric on Ss”. 


It is therefore enough to show that for all t the derivative 


og 
ee : 
zr is proportional to Sy. But this is clear, since the 


og 
variation a by (ii) is induced from a normal variation of 
og 
A 
Erewembedding pr f£(p,t) - = is therefore proportional to the 


second fundamental from of this embedding, which is a multiple 
ONE Sy because pe f(p,t) PS COcasky sumone q 
What we have accomphished with Lemma 4 is a parametrization 

of the given one-parameter family of hyperspheres by 
"orthogonal trajectories" (Figure 2). (i) of Lemma 4 just says 
that the correspondence between any two spheres in a one- 
parameter family of hyperspheres induced by the orthogonal 


trajectories is a conformal diffeomorphism. 
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Let mcs" xiR denote the lift of the universal cover of 


—lw A 
\ f and set M=h Usi. Then M with the 


1 


Mes wig te 6 «ik = 9s xs 


A A + ; ' : (ae pa 
metric induced from £|Q:M > IR" is isometric to M with the 


' : ~ ~ n+1 A n a ee ee 
metric induced from flaeM> R . Let 7:M—>5S enote e 


projection of s" x IR onto the S”-factor. 


A s ri 
Lemma 5: 1 Q:M>s" is a conformal local diffeomorphism. 


Proof: By property (ii) at the beginning of this section we 


have 


(s"xR) ] = aELTy, (s?xIR) ] 


p,t) 


= df(t Ss x{thl . 


lou (99), 22)) 


Together with (ii) of Lemma 4 this implies 


A 3 
Gifs =~) =0 
(5) (one (SF 
This means that dt = dy,odt where © AGeeees | is 
(p,t) t » (pe) te 
A A 
defined as @, (p) =f(p,t). Now as a linear map df | A is 
ab M 
(p,t) 
an isometric embedding into sibs ee and do, is conformal 
Ul 
by (i) of Lemma 4. Hence dt |» Mt is nonsingular and 
(p,t) 
conformal. x 


A 
Lemma 6: m[(S"x{t}) NM] is a round (n-1)-sphere in s” for all 


16] UR 5 


Proof: For each t€ IR the sphere s”x {t} is mapped by f toa 
: + 
round hypersphere in R° : - Let m(t) be the center of this 


hypersphere, R(t) the radius. Then 


(6) P, (E(p,t)) 5) 


Zan 


for all (p,t) €S"x IR where 
(7) Py (x) = <x-m(t) ,x-m(t)> - R7(t). 


As a consequence 


rn A A 4) 
Beret) = (ttre) rer Gels 4.) 


By property (ii) at the beginning of this section the second 


term on the right hand side of (8) vanishes, so 


dP. A 
(9) tal (Ep, 2))5= oO 


dP 


The zero set of the polynomial -- TLS} escielolSbe ze] aeceyehayel 


deal or a hyperplane, depending on wether 


hypersphere in IR 
R'(t) #O or not. Now by the transversality condition in (ii) 
at the beginning of this section and a compactness argument 
(s?x{t}) aM is a codimension two submanifold of Ss” «xR. By (6) 
and (9) this submanifold is mapped under f£ diffeomorphically 


: - Then by Lemma 4 (i) 


onto a round (n-2)-sphere in aed 
A 
(s" x {t}) NM is a round hypersphere in s"x{t}, and by Lemma 5 


A 
the same holds for m[(S”x{t}) nM]. ie 
' wt 
We now exploit our information about the universal cover M*¥M 
: ~ on int al 
to determine the conformal type of M itself. Let p:S xR*S xS 


denote the covering projection. The corresponding deck 


transformations are generated by the map 


ome > > (p,t) > (p,e+2t). 


Sa — | n mat cs : Sj 
The map p=poh :S xIR+~S xS is also a covering map. since 


the vectorfield x* introduce in the proof of Lemma 4 is 
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=| 1 


2m-periodic in t, we have Deyo he = hy ,oh, for all t and 


A 
the deck transformations for the covering map p are generated 


A ie dl | 
by Des sh +s) < given by D=hoDoh , i.e. 


(11) Bp,t) = (hy ,ohs, | Qt 21 


By Lemma 4 (i) := sec 8 See is a Mébius 


transformation. We have a commutative diagram 


(U2) T | |o 


(12) together with Lemma 5 shows that M=M/A is conformally 
equivalent to m(M) /. Moreover Lemma 6 implies that a 
fundamental domain for the action of 9 on 1(M) cs” is the 
region between the disjoint round hyperspheres 

mL (S"x{0}) nM] and nm (S"x{20}) 0M). This means that @ is 
hyperbolic, i.e. » has exactly two fixed points. Representing 
S” conformally as IR” U{w} we may assume that these fixed 


points are O and » and ~ is given by 
Gey x € Rete 


for some A€R, g€ SO(n). We record this as 


Lemma_7: M is conformally equivalent to M 


oS 


Using Lemma 7 we will construct for each }€ IR, g € SO(n) 


satisfying h2Q a channel torus in eel which is conformally 


equivalent to My og! This will prove Theorem 4 stated in the 
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MET OdUCtETON . 


First note that for each of the two fixed points p€ Ss” of Gg 


the curve y:R-> ROTI 


A 
(14) ie) = a Ge, ie) 


is 21-periodic, i.e., y is a closed orthogonal trajectory of 
the one-parameter family of spheres to f(s x{t}) indicated in 
Figure 3. There are exactly two closed trajectories. Let y be 
one of these and let R(t) be the radius of thesphere # (gs x{t}) : 
The whole family of spheres (and therefore also the channel 

torus itself) can be reconstructed using only the 21-periodic 


maps y:R-> fo | end ke io RU to} 


All our constructions so far were independent of the t- 
coordinate, so we may assume that y is parametrized by 


1 


arclength (apply a scaling transformation in mt! to make Veor 


total length 27). Let N, be the normal space to y at y(t). 


1S 
Using parallel translation in the normal bundle of y we can 
identify Ny with Ny BOmEO sit a2 POG t= 2m we Obcarn ans this 
way the holonomy map T:N, Nd, =N- tT is an orthogonal linear 
endomorphism of Noe which we also call the total torsion of y. 
This terminology is justified by the fact that in case 


“ele = R t is a rotation by an angle a and we have 


(15) a =§ tds mod 27 


where t in (15) denotes the ordinary torsion of y as a space 


(oybbewssl 
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1 be a smooth curve, 


Proposition 1: Let vy:[0,27] in 
g€ SO(n-1) any element that represents the conjugacy class 
of the total torsion t of y. Let 1/R: [0,27] BR bea 
periodic function such that the spheres through y(t) which 
are orthogonal to y and of radius R envelope a smooth 

n+1 


hypersurface in IR . Then this envelope is conformally 


diffeomorphic to M) g with A given by 


N 


a 
(15) a i Re) dt 


Proof: By the arguments preceeding Lemma 7 we have to prove 


that h._: S">s"” is conjugate as a Mébius transformation to 


27 
the affine map \g: IR” U{m} +R” U{~}. Now this conjugacy class 


can be read off from the differential of ho. ete ales) se dioxteyel 
points. By the arguments at the end of the proof of Lemma 4 


the dilatation of this differential can be computed as 
ole) Pages)? * 55 | 3° 


where p is the (fixed) point of Ss” such that 
A 
ae) EE iiyte) ioe yCEaee 


Clearly we have 


G9. |7 5h 
Se eee Se ae 


dt 


(18) 


ft . . 2 A 
which implies (15). The claim concerning t and g follows from 
the fact that identifying our spheres of radius R(t) via 
orthogonal trajectories does the same to normal directions of 


Y as parallel translation of normal vectors. i 
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Lemma 8: There is a number K, (n) such that with any prescribed 
conjugacy class of the total torsion there is a 
closed curve y in Ro of length 27 whose curvature 


is bounded by Ko: 


Proof: For n=2 (curves in IR?) the Lemma follows easily from 
the fact that the total torsion of a space curve can be 
computed as the "algebraic enclosed area" of its tangent 
image. In higher dimension we build the derived space curves 
out of pieces which stay in 3-dimensional subspaces of Teal 
which correspond to the invariant 2-planes of the prescribed 
ECrameetOrsivom = . ia 
Proposition 1 and Lemma 8 provide a method to construct 
channel tori which are conformally diffeomorphic to a 


prescribed M if 4 is large enough: First construct a 


Arg 
closed space curve as in Lemma 8 whose total torsion map is 
conjugate to g. Then the spheres orthogonal to y having 
constant radius R(t) =R will envelope a smooth hypersurface 
alse R2R, (Ro only depending on K,)- Thus by Proposition 1 any 


My 5 with A 2 27/R, occurs as a comformally flat hypersurface 


in im | 5 
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